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Abstract
On the basis of the Wigner unitary representations of the covering group ISL(2,C) of
the Poincare´ group, we obtain spin-tensor wave functions of free massive particles with
arbitrary spin. The wave functions automatically satisfy the Dirac-Pauli-Fierz equa-
tions. In the framework of the two-spinor formalism we construct spin-vectors of po-
larizations and obtain conditions that fix the corresponding relativistic spin projection
operators (Behrends-Fronsdal projection operators). With the help of these conditions
we find explicit expressions for relativistic spin projection operators for integer spins
(Behrends-Fronsdal projection operators) and then find relativistic spin projection op-
erators for half integer spins. These projection operators determine the nominators
in the propagators of fields of relativistic particles. We deduce generalizations of the
Behrends-Fronsdal projection operators for arbitrary space-time dimensions D > 2.
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1 Introduction
In this paper, using the Wigner unitary representations [1] of the group ISL(2, C), which
covers the Poincare´ group, we construct spin-tensor wave functions of a special form. These
spin-tensor wave functions form spaces of irreducible representations of the group ISL(2, C)
and automatically satisfy the Dirac-Pauli-Fierz wave equations [2], [3], [4] for free massive
particles of arbitrary spin. In our work, we use the approach set forth in the book [23]. The
construction is carried out with the help of Wigner operators (a similar construction was
developed in [5]; see also [6]), which translate unitary massive representation of the group
ISL(2, C) (induced from the irreducible representation of the stability subgroup SU(2))
acting in the space of Wigner wave functions to a representation of the group ISL(2, C),
acting in the space of special spin-tensor fields of massive particles. In our paper, following
[23], a special parametrization of Wigner operators is proposed, with the help of which the
momenta of particles on the mass shell and solutions of the Dirac-Pauli-Fierz wave equations
are rewritten in terms of a pair of Weyl spinors (two-spinor formalism [12], [13]; see also
[18], [30] and references therein). The expansion of a completely symmetric Wigner wave
function over a specially chosen basis provides a natural recipe for describing polarizations of
massive particles with arbitrary spins. As the application of this formalism, a generalization
of the Behrends-Fronsdal projection operator is constructed, which determines the spin-
tensor structures of the two-point Green function (propagator) of massive particles with any
higher spins in the case of arbitrary space-time dimension D. We would also like to stress
here that spin projection operators are employed for analysis of the high energy scattering
amplitudes, differential cross sections, etc. ([21]; see also [7], [8], [22] and references therein).
The work is organized as follows. In Section 2, we recall the definition of the group
ISL(2,C), the universal covering of the Poincare´ group, and build spin-tensor wave functions
ψ(r)
(β˙1...β˙r)
(α1...αp)
(k) (in the momentum representation) for free massive particles of arbitrary spin.
Further in this section we prove that the constructed spin-tensor wave functions satisfy
the Dirac-Pauli-Fierz equation system and show that these wave functions have a natural
parametrization in terms of a pair of Weyl spinors (two-spinor formalism). At the end of
Section 2, we prove that the wave functions ψ(r)
(β˙1...β˙r)
(α1...αp)
(k) are eigenvectors for the Casimir
operator WˆnWˆ
n of the Poincare´ group (Wˆn are the components of the Pauli-Lubanski vector)
with eigenvalues proportional to j(j + 1), where the parameter j = (p + r)/2 is called spin.
In Section 3, as examples, we discuss in detail the construction of spin-tensor wave functions
for spins j = 1/2, 1, 3/2 and 2. In particular, we show how to derive contributions from
different polarizations and calculate the density matrices (the relativistic spin projectors)
for particles with spins j = 1/2, 1, 3/2 and 2 as sums over the polarizations of quadratic
combinations of polarization spin-tensors. In Section 4, we find the general form of the
polarization tensors for arbitrary integer spin j, and we also establish the conditions which
uniquely fix the form of density matrices (the relativistic spin projectors or the Behrends-
Fronsdal projection operators) for integer spin j. In Section 5, in the case of integer spins
and arbitrary space-time dimensions D > 2, an explicit formula of the density matrices is
derived. This formula is a generalization of the Behrends-Fronsdal formula for the projection
operator known (see [20],[21]) for D = 4. At the end of Section 5, an explicit expression for
the density matrix of relativistic particles with arbitrary half-integer spin j is deduced. This
expression will be obtained as the solution of the conditions to which the density matrix (the
sum over the quadratic combinations of polarization spin-tensors) obeys.
2
2 Massive unitary representations of the group ISL(2,C)
2.1 Covering group ISL(2,C) of the Poincare´ group.
To fix the notation, we recall the definition of the covering group ISL(2,C) of the Poincare
group ISO↑(1, 3) and introduce its Lie algebra isℓ(2,C) (see, for example, [10]). The group
ISL(2,C) is the set of all pairs (A,X), where A ∈ SL(2,C), and X is any Hermitian 2× 2
matrix which can always be represented in the form
X = x0 σ
0 + x1 σ
1 + x2 σ
2 + x3 σ
3 = xk σ
k =
(
x0 + x3 x1 − ix2
x1 + ix2 x0 − x3
)
, xm ∈ R , (2.1)
σ0 =
(
1 0
0 1
)
≡ I2 , σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (2.2)
With the use of (2.1) each Hermitian matrix X is uniquely associated with the four-vector
x = (x0, x1, x2, x3) in the Minkowski space R
1,3 . Sometimes below we use the notation (A, x)
instead of (A,X).
The product in the group ISL(2,C) is given by the formula
(A′, Y ′) · (A, Y ) = (A′ ·A, A′ · Y ·A′ † + Y ′) ,
which defines the rule of the ISL(2,C) group action in the Minkowski space R1,3 = H
(A, Y ) ·X = A ·X · A† + Y ∈ H , ∀ X, Y ∈ H . (2.3)
It is obvious that the set of pairs (A, 0) forms a subgroup SL(2,C) ⊂ ISL(2,C) which is the
covering group of the Lorentz group SO↑(1, 3). From eq. (2.3) one can deduce the action of
the SL(2,C) group on the vectors x in the Minkowski space H = R1,3:
X → X ′ = A ·X ·A† ⇒ σkx′k = σk Λ mk (A) xm ⇒ x′k = Λ mk (A) xm , (2.4)
where
Xαβ˙ = xk σ
k
αβ˙
, (α, β˙ = 1, 2) , (2.5)
and the (4× 4) matrix ||Λmk(A)|| ∈ SO↑(1, 3) is determined from the relations
A · σm · A† = σk Λ mk (A) ⇔ A αξ A∗ β˙γ˙ σmαβ˙ = σkξγ˙ Λ mk (A) . (2.6)
Remark 1. The matrix ||A αξ || ∈ SL(2,C) and its complex conjugate matrix ||A∗ β˙γ˙ ||
can be considered, respectively, as defining and its conjugate representations of the same
element A ∈ SL(2,C). It is known that these representations are nonequivalent. In order to
distinguish these representations, we put dots over the indices of the matrices A∗.
Remark 2. To determine the covariant product of the σ-matrices (2.2), it is necessary to
introduce the dual set:
(σ˜k)β˙α = εαξ εβ˙γ˙ σkξγ˙ , σ˜
k = (σ0,−σ1,−σ2,−σ3) . (2.7)
The symmetrized products of σn and σ˜m satisfy the identities
(σn σ˜m + σm σ˜n) αβ = 2 η
nm δαβ , (σ˜
n σm + σ˜m σn)α˙
β˙
= 2 ηnm δα˙
β˙
,
η = diag(+1,−1,−1,−1) . (2.8)
3
Raising of spinor indices in (2.7) is carried out by contracting with the antisymmetric metric
||εγ1γ2 || = ||εγ˙1γ˙2 || =
(
0 −1
1 0
)
, ||εγ1γ2 || = ||εγ˙1γ˙2 || =
(
0 1
−1 0
)
, εαγεγβ = δ
α
β , ε
α˙γ˙εγ˙β˙ = δ
α˙
β˙
.
(2.9)
Remark 3. The generators Pn and Mmn (m,n = 0, 1, 2, 3) of the Lie algebra iso(1, 3) of the
Poincare´ group (and its covering ISL(2,C)) obey the commutation relations
[P n, Pm] = 0 , [P n, Mmk] = ηmnP k − ηknPm , (2.10)
[Mnm, Mkℓ] = ηmkMnℓ + ηnℓMmk − ηnkMmℓ − ηmℓMnk . (2.11)
The elements Pn and Mnm generate translations and Lorentz rotations in R
1,3, respectively.
We note that antisymmetrized products of the matrices σn and σ˜m:
(σnm)
β
α =
1
4
(σnσ˜m − σmσ˜n) βα , (σ˜nm)α˙β˙ =
1
4
(σ˜nσm − σ˜mσn)α˙β˙ , (2.12)
satisfy the commutation relations (2.11) and thus realize spinor representations ρ: Mnm →
σnm and ρ˜: Mnm → σ˜nm of the subalgebra so(1, 3) ⊂ iso(1, 3). We stress that the tensor σnm
is self-dual and the tensor σ˜nm is anti-self-dual
i
2
εkℓnmσnm = σ
kℓ ,
i
2
εkℓnmσ˜nm = − σ˜kℓ , (2.13)
where εmnpb is a completely antisymmetric tensor (ε0123 = −ε0123 = 1).
Now we define the Pauli-Lubanski vector W with the components
Wm =
1
2
εmnijM
ijP n , (m = 0, 1, 2, 3) . (2.14)
It is known that for the Lie algebra iso(1, 3) of the Poincare´ group with the structure relations
(2.10), (2.11) one can define only two Casimir operators: (P )2 := PmP
m = ηmnPmPn and
(W )2 :=WmW
m. The eigenvalues of these operators characterize irreducible representations
of the algebra iso(1, 3) (and the group ISL(2,C)). The eigenvalue of the operator (P )2 is
written as m2 and for m2 ≥ 0 the parameter m ∈ R is called mass. The case when m > 0 is
called massive. In the massive case, according to the classification of all irreducible unitary
representations of the group ISL(2,C) and its Lie algebra iso(1, 3), the eigenvalue of the
operator (W )2 is equal to −m2 j(j+1), where the parameter j is called spin and can take only
non-negative integer or half-integer values [1] (see also [6], [9], [10], and references therein).
2.2 Spin-tensor representations of group ISL(2,C) and Dirac-Pauli-
Fierz equations
Further in this paper we will consider only the massive case when m > 0. In this case
the unitary irreducible representations of the group ISL(2,C) are characterized by spin
j = 0, 1
2
, 1, 3
2
, . . . and act in the spaces of Wigner wave functions φ(α1...α2j)(k), which are
components of a completely symmetric SU(2)-tensor of rank 2j. Here the brackets (.) in the
notation of multi-index (α1 . . . α2j) indicate the full symmetry in permutations of indices αℓ,
and k = (k0, k1, k2, k3) denotes the four-momentum of a particle with mass m:
(k)2 = knkn = krη
rnkn = k
2
0 − k21 − k22 − k23 = m2 ,
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Let us fix some test momentum q = (q0, q1, q2, q3) such that (q)
2 = m2, q0 > 0. For
each momentum k belonging to the orbit (k)2 = m2, k0 > 0 of the Lorentz transformations
(2.4) which transfer the test momentum q to the momentum k, we choose representative
A(k) ∈ SL(2,C):
(kσ) = A(k) (qσ) A
†
(k) ⇔ km = (Λk) nm qn , (2.15)
where (kσ) = knσn, (qσ) = q
nσn. The relation between the matrices A(k) and Λk ≡ Λ(A(k))
is standard (see (2.6)). One can rewrite the Lorentz transformation (2.15) in an equivalent
form
(k σ˜) = A−1†(k) · (q σ˜) · A−1(k) , (2.16)
where (k σ˜) = (knσ˜n) and (q σ˜) = (q
nσ˜n). This form of the transformation will be needed
later.
Define a stability subgroup (little group) Gq ⊂ SL(2,C) of the momentum q as the set of
matrices A ∈ SL(2,C) satisfying the condition
A · (qσ) · A† = (qσ) ⇔ A γα (qnσn)γα˙ (A∗) α˙γ˙ = (qnσn)αγ˙ , (2.17)
which, by means of the identity (qσ˜)(qσ) = m2, is equivalently rewritten as
A = (q σ) · (A−1)† · (q σ)−1 = (qσ˜)−1 · (A−1)† · (qσ˜) . (2.18)
In the massive case (q)2 = m2, m > 0, one can prove that the stability subgroup Gq is
isomorphic to SU(2) regardless of the choice of test momenta q. Now we note that the matrix
A(k) ∈ SL(2,C), which transfers the test momentum q to momentum k is not determined by
(2.15) uniquely. Indeed, A(k) can be multiplied by any element U of the stability subgroup
Gq = SU(2) from the right since we have
(A(k) · U) · (qσ) · (A(k) · U)† = A(k) · (U · (qσ) · U †) · A†(k) = (kσ) .
For each k we fix a unique matrix A(k) satisfying (2.15). The fixed matrices A(k) numerate
left cosets in SL(2,C) with respect to the subgroup Gq = SU(2), i.e. they numerate points
in the coset space SL(2,C)/SU(2).
Let T (j) be a finite-dimensional irreducible SU(2) representation with spin j, acting in
the space of symmetric spin-tensors of the rank 2j with the components φ(α1...α2j). The
Wigner unitary irreducible representations U of the group ISL(2,C) with spin j are defined
in [1] (see also [6], [9], [23] and references therein) by the following action of the element
(A, a) ∈ ISL(2,C) in the space of wave functions φ(α1,...,α2j)(k):
[U(A, a) · φ]α¯(k) ≡ φ ′α¯(k) = eiamkm T (j)α¯α¯′(hA,Λ−1·k) φα¯′(Λ−1 · k) . (2.19)
Here we use the concise notation
φα¯(k) ≡ φ(α1...α2j)(k) , (2.20)
the indices α¯, α¯′ must be understood as multi-indices (α1 . . . α2j), (α′1 . . . α
′
2j), the matrix
Λ ∈ SO↑(1, 3) is related to A ∈ SL(2,C) by eq. (2.6), and the element
hA,Λ−1·k = A
−1
(k) ·A ·A(Λ−1·k) ∈ SU(2) , (2.21)
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belongs to the stability subgroup SU(2) ⊂ SL(2,C). In formula (2.19) the element hA,Λ−1·k
of the stability subgroup is taken in the representation T (j) as matrix ||T (j)α¯α¯′(hA,Λ−1·k)|| which
can be represented in a factorized form
T
(j)
β¯α¯
(
hA,Λ−1·k
)
=
[(
hA,Λ−1·k
) α1
β1
· · · (hA,Λ−1·k) αp+rβp+r ] = [(hA,Λ−1·k) α1β1 · · · (hA,Λ−1·k) αpβp ] ·
·
[(
(qσ˜)−1 · h† −1A,Λ−1·k · (qσ˜)
) αp+1
βp+1
· · · ((qσ˜)−1 · h† −1A,Λ−1·k · (qσ˜)) αp+rβp+r ] .
(2.22)
Here we split the tensor product of 2j = (p + r) factors hA,Λ−1·k into two groups. The first
group consists of the p factors hA,Λ−1·k, and in the second group we use the identity (2.18)
and write r multipliers hA,Λ−1·k in the form
(
(qσ˜)−1 · h† −1A,Λ−1·k · (qσ˜)
)
. Further, we substitute
(2.21) into (2.22) and split the result as follows:
T
(j)
β¯α¯
(
hA,Λ−1·k
)
=
(
A−1(k)
) κ1...κp
β1...βp
(
A
) γ1...γp
κ1...κp
(
A(Λ−1·k)
) α1...αp
γ1...γp
·
· ((qσ˜)−1 A†(k))βp+1...βp+r;κ˙p+1...κ˙p+r (A†−1)κ˙p+1...κ˙p+rγ˙p+1...γ˙p+r (A†−1(Λ−1·k)(qσ˜))γ˙p+1...γ˙p+r;αp+1...αp+r ,
(2.23)
where we introduced the concise notation(
X
) β1...βp
α1...αp
= X β1α1 · · ·X
βp
αp ,
(
Y
)α˙1...α˙r
β˙1...β˙r
= Y α˙1
β˙1
· · ·Y α˙r
β˙r
,(
Z
)α˙1...α˙r;β1...βr = Z α˙1β1 · · ·Z α˙rβr . (2.24)
In the operator form the matrix (2.23) is represented as
T (j)
(
hA,Λ−1·k
)
=
(
A−1(k) · A · A(Λ−1·k)
)⊗p ⊗ ((qσ˜)−1A†(k) ·A†−1 · A†−1(Λ−1·k) (qσ˜))⊗r =
=
(
A⊗p(k) ⊗
(
A†−1(k) (qσ˜)
)⊗r)−1(
A⊗p ⊗ (A†−1)⊗r)(A⊗p(Λ−1·k) ⊗ (A†−1(Λ−1·k)(qσ˜))⊗r) , (2.25)
Now we use factorized representation (2.25) for the matrix T (j)
(
hA,Λ−1·k
)
and rewrite the
ISL(2,C)-transformation (2.19) in the form
[U(A, a) · ψ(r)](β˙1...β˙r)(α1...αp)(k) = eia
mkm A
γ1...γp
α1...αp
(
A†−1
)β˙1...β˙r
κ˙1...κ˙r
ψ(r)
(κ˙1...κ˙r)
(γ1...γp)
(Λ−1 · k) , (2.26)
where instead of the Wigner wave functions φ(δ1...δp+r)(k) we introduced spin-tensor wave
functions of (p
2
, r
2
)-type (with r dotted and p undotted indices):
ψ(r)
(β˙1...β˙r)
(α1...αp)
(k) =
1
m
r
(A(k))
δ1...δp
α1...αp
· (A−1†(k) · (qσ˜))β˙p+1...β˙p+r;δp+1...δp+rφ(δ1...δpδp+1...δp+r)(k) . (2.27)
The upper index (r) of the spin-tensors ψ(r) distinguishes these spin-tensors with respect to
the number of dotted indices. The operators A⊗p(k)⊗
(
A†−1(k) (qσ˜)
)⊗r
, used in (2.27) to translate
the Wigner wave functions into spin-tensor functions of (p
2
, r
2
)-type, are called the Wigner
operators.
In the massive case, the test momentum can be conveniently chosen in the form q =
(m, 0, 0, 0). Then, relations (2.15) and (2.16) for the elements A(k), A
†−1
(k) ∈ SL(2,C) are
written as:
m (A(k))
β
α (σ0)βγ˙ = (σnk
n)αβ˙(A
†−1
(k) )
β˙
γ˙ ⇔ m (A†−1(k) )β˙γ˙ (σ˜0)γ˙α = (σ˜nkn)β˙γ(A(k)) αγ . (2.28)
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Since σ0 and σ˜0 are the unit matrices, eqs. (2.28) have a concise form:
mA(k) = (σnk
n)A†−1(k) ⇔ mA†−1(k) = (σ˜nkn)A(k) , (2.29)
but we should stress here that the balance of dotted and undotted indices is violated in
(2.29).
Proposition 1 . Let us choose the test momentum as q = (m, 0, 0, 0). Then the wave
functions ψ(r) defined in (2.27) satisfy the Dirac-Pauli-Fierz equations [2], [3], [4]:
km(σ˜m)
γ˙1α1ψ(r)
(β˙1...β˙r)
(α1...αp)
(k) = mψ(r+1)
(γ˙1β˙1...β˙r)
(α2...αp)
(k) , (r = 0, . . . , 2j − 1) ,
km(σm)γ1β˙1ψ
(r)(β˙1...β˙r)
(α1...αp)
(k) = mψ(r−1)
(β˙2...β˙r)
(γ1α1...αp)
(k) , (r = 1, . . . , 2j) ,
(2.30)
which describe the dynamics of a massive relativistic particle with spin j = (p + r)/2.
The compatibility conditions for the system of equations (2.30) are given by the mass shell
relations (knkn −m2)ψ(r)(k) = 0.
Proof. The proof of the first equation in (2.30) is given by the chain of relations:
km(σ˜m)
γ˙1α1 ψ(r)
(β˙1..β˙r)
(α1...αp)
(k) = km(σ˜m)
γ˙1α1(A(k))
δ′1
α1(A(k))
δ′2...δ
′
p
α2...αp ·
· (A−1†(k) σ˜0)β˙p+1...β˙p+r;δ
′
p+1...δ
′
p+r φ(δ′1...δ′pδ′p+1...δ′p+r)(k) = m (A
−1†
(k) σ˜0)
γ˙1δ′1(A(k))
δ′2...δ
′
p
α2...αp ·
(A−1†(k) σ˜0)
β˙p+1...β˙p+r;δ′p+1...δ
′
p+r φ(δ′1...δ′p+r)(k) = mψ
(r+1)(γ˙1β˙1...β˙r)
(α2...αp)
(k),
where we applied the second formula of (2.28) and used the symmetry of the Wigner wave
functions φ(δ′1...δ′p+r)(k) with respect to any permutations of indices δ
′
k. The second equation
in (2.30) is proved analogously (we need to use the first relation in (2.28)). The consistence
conditions for the system (2.30) follow from the chain of relations
(knkn) ψ
(r)(β˙1...β˙r)
(τα2...αp)
(k) = (kσ)τ γ˙1(kσ˜)
γ˙1α1 ψ(r)
(β˙1...β˙r)
(α1...αp)
(k) =
= m kn(σn)τ γ˙1ψ
(r+1)(γ˙1β˙1...β˙r)
(α2...αp)
(k) = m2 ψ(r)
(β˙1...β˙r)
(τα2...αp)
(k) ,
(2.31)
where we used the identities (2.8) and equations (2.30). Comparing the left and right parts
in (2.31), we obtain the mass-shell condition (knkn −m2)ψ(r)(k) = 0.
We now return back to the discussion of the matrices A(k) ∈ SL(2,C) which, according
to (2.15), transfer the test momentum q to the momentum k. The matrices A(k) numerate
points of the coset space SL(2,C)/SU(2). The left action of the group SL(2,C) on the coset
space SL(2,C)/SU(2) is given by the formula
A · A(k) = A(Λ·k) · UA,k , (2.32)
where the matrices A ∈ SL(2,C) and Λ ∈ SO↑(1, 3) are related by condition (2.6) and the
element UA,k ∈ SU(2) depends on the matrix A and momentum k. Under this action the
point A(k) ∈ SL(2,C)/SU(2) is transformed to the point A(Λ·k) ∈ SL(2,C)/SU(2). We note
that formula (2.32) is equivalent to the definition (2.21) of the element hA,k of the stability
subgroup in Wigner’s representation (2.19).
7
The left action (2.32) of the element A ∈ SL(2,C) transforms two columns of the matrix
A(k) as Weyl spinors. Therefore, it is convenient to represent the matrix A(k) by using two
Weyl spinors µ and λ with components µα, λα (the matrix A
†
(k) will be correspondingly
expressed in terms of the conjugate spinors µ and λ) in the following way [23]:
(A(k))
β
α =
1
z
(
µ1 λ1
µ2 λ2
)
, (A†−1(k) )
α˙
β˙
= 1
z∗
(
λ2˙ −µ2˙
−λ1˙ µ1˙
)
,
(z)2 = µρ λρ , (z
∗)2 = µρ˙ λρ˙ ,
(2.33)
µ =
(
µ1
µ2
)
, λ =
(
λ1
λ2
)
, µ =
(
µ1˙
µ2˙
)
, λ =
(
λ1˙
λ2˙
)
, λα˙ = (λα)
∗ , µα˙ = (µα)
∗ . (2.34)
In eqs. (2.33) we fix the normalization of matrices A(k), A
†−1
(k) ∈ SL(2,C) so that det(A(k)) =
1 = det(A†−1(k) ). From formulas (2.29) it follows that the momentum k is expressed in terms
of the spinors µα, λβ, µβ˙, µ
β˙ as follows:
m
|µρλρ|(µαµβ˙ + λαλβ˙) = (k
nσn)αβ˙ ,
m
|µρλρ|(µ
αµβ˙ + λαλ
β˙
) = (knσ˜n)
β˙α , (2.35)
where |µρλρ| = z z∗. Thus, in view of (2.27) and (2.35) the wave functions of massive
relativistic particles, which are functions of the four-momentum k, can be considered as
functions of two Weyl spinors λ and µ. The two-spinor expression (2.35) for the four-vector
k (k2 = m2 and k0 > 0) is a generalization of the well-known twistor representation for
momentum k of a massless particle [11]. We will see below that the two-spinor description of
massive particles (about two-spinor formalism see also papers [12] – [19], [30]) based on the
representation (2.35) proves to be extremely convenient in describing polarization properties
of massive particles with arbitrary spin j. In the next Section, we apply this two-spinor
formalism to describe relativistic particles with spins j = 1/2, 1, 3/2 and j = 2.
At the end of this Subsection, we demonstrate why, in the case of p+ r = 2j, the system
of spin-tensor wave functions (2.27), which obey the Dirac-Pauli-Fierz equations (2.30), does
describe relativistic particles with spin j.
Take the representation (2.26) of the group ISL(2,C), acting in the space of spin-tensor
wave functions ψ(r)
(β˙1...β˙r)
(α1...αp)
(k), and consider this representation in the special case when the
element (A, a) ∈ ISL(2,C) is close to the unit element (I2, 0), i.e., we fix the vector a = 0
and take the matrices A,A†−1 ∈ SL(2,C) such that
A βα = δ
β
α +
1
2
(ωnmσnm)
β
α + . . . , (A
†−1)α˙
β˙
= δα˙
β˙
+
1
2
(ωnmσ˜nm)
α˙
β˙
+ . . . ,
where ωnm = −ωmn are small real parameters, and the matrices σnm and σ˜nm are the spinor
representations (2.12) of the generators Mnm ∈ so(1, 3). As a result, we obtain for (2.26) the
expansion[
U
(
I +
1
2
ωmnσmn + ... , 0
) · ψ(r)] ¯˙β
α¯
(k) = ψ(r)
¯˙
β
α¯(k) +
1
2
ωmn (Mmn)
¯˙
β γ¯
α¯ ¯˙κ
ψ(r)
¯˙κ
γ¯(k) + . . . , (2.36)
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where we used the notation α¯ and
¯˙
β for multi-indices (α1...αp) and (β˙1...β˙r). In eq. (2.36)
the operators Mmn =
(
(km
∂
∂kn
− kn ∂∂km ) + Σˆmn
)
are the generators of the algebra so(1, 3) in
the representation U and the matrices
Σˆmn =
p∑
a=1
(σmn)a +
r∑
b=1
(σ˜mn)b , (2.37)
describe the spin contribution to the components of the angular momentum Mmn. The
operators (σmn)a and (σ˜mn)b in (2.37) are defined as follows:
[(σmn)aψ(r)]
¯˙β
α¯(k) = (σmn)
γa
αa ψ
(r)
¯˙
β
α¯a(k) , [(σ˜mn)bψ
(r)]
¯˙β
α¯(k) = (σ˜mn)
β˙b
γ˙b
ψ(r)
¯˙
βb
α¯ (k) ,
where we used the notation α¯a = (α1...αa−1γaαa+1...αp) and
¯˙
βb = (β˙1...β˙b−1γ˙bβ˙b+1...β˙r).
Proposition 2 . Spin-tensor wave functions ψ(r)
(β˙1...β˙r)
(α1...αp)
(k) of type (p
2
, r
2
), which obey the
Dirac-Pauli-Fierz equations (2.30), automatically satisfy the equations
[(Wˆm Wˆm) ψ]
(r)(β˙1...β˙r)
(α1...αp)
(k) = −m2j(j + 1) ψ(r)(β˙1...β˙r)(α1...αp) (k) , (2.38)
where j = (p
2
+ r
2
), Wˆm are the components of the Pauli-Lubanski vector (2.14) and WˆmWˆ
m
is the casimir operator for the group ISL(2,C).
Proof. The components (2.14) of the Pauli Lubanski vector are equal to
Wm =
1
2
εmnijM
ijP n =
1
2
εmnijΣˆ
ijP n , (2.39)
and depend only on the spin part (2.37) of the components M ij of the total angular
momentum. To prove formula (2.38), it is convenient to write down the symmetrized spin-
tensor wave functions ψ(r)
(β˙1...β˙r)
(α1...αp)
(k) in the form of generating functions
ψ(r)(k; u, u¯) = ψ(r)
(β˙1...β˙r)
(α1...αp)
(k) · uα1 · · ·uαp · u¯β˙1 · · · u¯β˙r , (2.40)
where uα and u¯β˙ are auxiliary Weyl spinors. Then the action of the spin operators (2.37) on
the functions ψ(r)
(β˙1...β˙r)
(α1...αp)
(k) is equivalent to the action of the differential operators
Σˆmn(u, u¯) = u
α (σmn)
β
α ∂β + u¯β˙ (σ˜mn)
β˙
α˙ ∂¯
α˙ , (2.41)
on the generating functions (2.40). In eq. (2.41) we have used the notation ∂β = ∂uβ and
∂¯β˙ = ∂u¯β˙ . We set Wm(u, u¯) =
1
2
εmnijP
nΣˆij(u, u¯) and use the identity
Wˆn(u, u¯) Wˆ
n(u, u¯) = −1
2
(
Σˆnm(u, u¯) Σˆ
nm(u, u¯)
)
Pˆ 2 +
(
Σˆnm(u, u¯)Pˆ
n
)(
Σˆkm(u, u¯)Pˆk
)
, (2.42)
which is obtained from (2.39) by direct computation. The terms
(
Σˆnm Pˆ
n
)(
Σˆkm Pˆk
)
and(
Σˆnm Σˆ
nm
)
in the right-hand side of (2.42) are reduced to the forms:
Σˆnm(u, u¯) Σˆ
nm(u, u¯) = 2 (uα∂α) + (u
α∂α)
2 + 2 (u¯α˙∂¯
α˙) + (u¯α˙∂¯
α˙)2 ≡ D(u, u¯) , (2.43)
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(
Σˆnm Pˆ
n
)(
Σˆkm Pˆk
)
=
Pˆ 2
4
(
D(u, u¯)− 2 (uα∂α)(u¯γ˙∂¯γ˙)
)
+ (Pˆ σ)αγ˙ (Pˆ σ˜)
δ˙βuα∂β u¯
γ˙∂¯δ˙ , (2.44)
where (Pˆ σ) = (Pˆnσ
n) and (Pˆ σ˜) = (Pˆnσ˜
n). To obtain (2.43) and (2.44), it is necessary to
apply identities of the following type:
(σm)α1β˙1 (σ
m)α2β˙2 = 2 εα1α2 εβ˙1β˙2 . (2.45)
The substitution of (2.43) and (2.44) into the right-hand side of (2.42) gives
(
Wˆ (u, u¯)
)2
= − Pˆ
2
4
(
(uα∂α+u¯γ˙∂¯
γ˙)2+2 (uα∂α+u¯γ˙∂¯
γ˙)
)
+((Pˆ σ) γ˙α u
αu¯γ˙) ((Pˆ σ˜)
β
δ˙
∂β ∂¯
δ˙). (2.46)
Finally, the result of the action of the operator (2.46) on the generating function (2.40) of
the spin-tensor fields of (p
2
, r
2
)-type can be calculated directly and we have
Wˆ 2 ψ(r)(x, u, u¯) = −m
2
4
(
(p+ r)2 + 2(p+ r)
)
ψ(r)(x, u, u¯) , (2.47)
that is equivalent to (2.38) for j = p+r
2
. To obtain (2.47), we used the equality Pˆn ψ(r)(k, u, u¯) =
kn ψ(r)(k, u, u¯), the Dirac-Pauli-Fierz equations (2.30), and the relations:
(uα∂α)ψ(r)(k, u, u¯) = p ψ(r)(k, u, u¯) , (u¯γ˙∂¯
γ˙)ψ(r)(k, u, u¯) = r ψ(r)(k, u, u¯) ,
following from the calculation of the degree of homogeneity of polynomials (2.40).
Formula (2.38) shows that the spin-tensor wave functions ψ(r)(k) are eigenvectors for the
Casimir operator (Wˆm Wˆm) of the algebra iso(1, 3). According to Remark 3 of Section 2.1,
these wave functions generate the space of unitary representation of the Lie algebra iso(1, 3)
(of the group ISL(2,C)) with spin j.
In Section 3, we consider in detail four special examples j = 1/2, j = 1, j = 3/2 and
j = 2 of the general construction presented above. These examples are important from the
point of view of applications in physics.
3 Spin-tensor representations of group ISL(2,C) for j =
1/2, 1, 3/2 and 2
3.1 Spin j = 1/2.
According to the general construction developed in Subsection 2.2, the unitary Wigner
representation (2.19) of the group SL(2,C) with spin j = 1/2 is realized in the space of
SU(2) spinors φ:
φ(k) =
(
φ1(k)
φ2(k)
)
= φ1(k)ǫ
+ + φ2(k)ǫ
−, ǫ+ =
(
1
0
)
, ǫ− =
(
0
1
)
, (3.1)
where the components φα(k) are functions of the 4-momentum k. Further it is convenient to
write these components as follows:
φβ(k) = φ1(k) ǫ
+
β + φ2(k) ǫ
−
β . (3.2)
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Then, taking into account (2.27) and (2.33), we obtain that for j = 1/2 the spin-tensor
representation (2.26) is realized in the spaces of Weyl spinors:
ψ(0)α (k) = (A(k))
β
α φβ =
1
z
(φ(1)µα + φ(2)λα) , (3.3)
ψ(1)α˙(k) = (A†−1(k) σ˜0)
α˙βφβ =
1
z∗
(φ(2)µ
α˙ − φ(1)λα˙) , (3.4)
where σ˜0 is the unit matrix I2 (see (2.7)) and we used the identities that follow from (2.33):
µα = z (A(k))
β
α ǫ
+
β , λα = z (A(k))
β
α ǫ
−
β ,
µα˙ = z∗ (A†−1(k) σ˜0)
α˙β ǫ−β , λ
α˙ = −z∗ (A†−1(k) σ˜0)α˙β ǫ+β .
(3.5)
As it was shown in Proposition 1, the Weyl spinors ψ
(0)
α (k), ψ(1)α˙(k) satisfy the system of
equations (a particular case of equations (2.30)):
(knσn)γα˙ψ(1)
α˙ = mψ(0)γ , (knσ˜n)
α˙γψ(0)γ = mψ(1)α˙ . (3.6)
It is well known that this system is equivalent to the Dirac equation:
(knγn −m)Ψ(k) = 0, (3.7)
where γn are the Dirac (4× 4) matrices and Ψ is the Dirac bispinor:
γn =
(
0 σn
σ˜n 0
)
, Ψ(k) =
(
ψ(0)α (k)
ψ(1)β˙(k)
)
. (3.8)
We note that the verification of equations (3.6) in the framework of the two-spinor formalism
(2.35), (3.3), (3.4) is a simple, purely algebraic, exercise
m
|µρλρ|z∗ (µαµβ˙ + λαλβ˙)(φ(2)µ
β˙ − φ(1)λβ˙) = m
z
(φ(1)µα + φ(2)λα) ,
m
|µρλρ|z (µ
αµβ˙ + λαλβ˙)(φ(1)µα + φ(2)λα) =
m
z∗
(φ(2)µ
β˙ − φ(1)λβ˙) ,
(3.9)
since here we only used the properties of the commuting Weyl spinors: λαλ
α = 0, µβ˙µ
β˙ = 0,
etc.
Taking into account (3.3) and (3.4), the spinor Ψ given in (3.8) can be written in the
form
Ψ(k) = φ1(k) e
(+) + φ2(k) e
(−) , (3.10)
where we introduced two Dirac spinors:
e(+) =
(
1
z
µα
− 1
z∗
λβ˙
)
, e(−) =
( 1
z
λβ
1
z∗
µα˙
)
. (3.11)
We denote the components of these spinors as e
(+)
A and e
(−)
A (A = 1, 2, 3, 4) and define Dirac
adjoint spinors with components e(+)A and e(−)A in the standard way:
e(+) = (e(+))†γ0 =
(−1
z
λα , 1
z∗
µα˙
)
, e(−) = (e(−))†γ0 =
(
1
z
µα , 1
z∗
λα˙
)
. (3.12)
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In view of (2.33) it is easy to verify that spinors (3.11) are normalized as follows:
e(+)A e
(−)
A = e
(−)A e(+)A = 0 , e
(+)A e
(+)
A = e
(−)A e(−)A = 2 . (3.13)
We note that the coefficients φ1(k) and φ2(k) of the Wigner wave function (3.2) (in the
representation space of the stability subgroup SU(2) with spin j = 1/2) correspond to the
projections +1/2 and −1/2 of the operator of the third spin component S3 = 12σ3. Therefore,
comparing the expansions (3.2) and (3.10), it is natural to interpret the spinors e(+) and e(−)
in the expansion of the Dirac spinor Ψ(k) as ”vectors” of polarization of a particle with spin
j = 1/2.
The sum over all polarizations (+1/2 and −1/2) of the products of components of the
spinors e(±) and e(±) gives the 4× 4 matrix:
(Θ(1/2))BA =
1
2
(
e
(+)
A e
(+)B + e
(−)
A e
(−)B
)
= 1
2
(
δβα
1
|µρλρ|(µαµβ˙ + λαλβ˙)
1
|µρλρ|(µ
βµα˙ + λβλα˙) δβ˙α˙
)
=
=
1
2m
(
mδβα (k
nσn)αβ˙
(knσ˜n)
α˙β
mδβ˙α˙
)
=
1
2m
(kn γn +mI4) ,
(3.14)
where we used the identities (λαµ
β−µαλβ) = δβα (µρλρ) and (λα˙µβ˙−µα˙λβ˙) = δβ˙α˙ (µρ˙λρ˙). The
matrix Θ(1/2) is sometimes called the density matrix of a particle with spin j = 1
2
. This matrix
by construction (in view of relations (3.13)) is a projection operator: (Θ(1/2))2 = Θ(1/2).
Moreover, expression (3.14) determines the numerator of the propagator for massive particles
with spin j = 1/2.
3.2 Spin j = 1.
As it was shown in Section 2.2, the unitary representation of the group ISL(2,C) with spin
j = 1 acts in the space of spin-tensor wave functions ψ(2)α˙β˙(k), ψ(1)
β˙
α (k) and ψ
(0)
αβ(k). These
functions satisfy the system of Dirac-Pauli-Fierz equations (2.30):
(kσ˜)β˙1α1ψ(0)(α1α2)(k) = mψ
(1)β˙1
α2 (k) , (3.15)
(kσ˜)β˙1α2ψ(1)
β˙2
α2 = mψ(2)
β˙1β˙2(k) , (3.16)
(kσ)α1β˙1ψ
(2)β˙1β˙2(k) = mψ(1)
β˙2
α1 (k) , (3.17)
(kσ)α1β˙2ψ
(1)β˙2
α2 (k) = mψ
(0)
(α1α2)
(k) . (3.18)
Proposition 3 The system of equations (3.15)–(3.18) is equivalent to the Proca equation
for the massive vector field:
kn
(
knAm(k)− kmAn(k)
)
−m2Am(k) = 0, (3.19)
where the vector field components Am(k) are defined by the spin-tensor wave function ψ(1)(k):
Am(k) =
1
2
(σm)αβ˙ ε
αγ ψ(1)
β˙
γ (k) . (3.20)
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Proof. The spin-tensor wave functions ψ(0)(α1α2)(k), ψ
(1)β˙
α , ψ(2)β˙1β˙2(k) are in one-to-one correspondence
with the vector-tensors F
(+)
mn (k), Am(k), F
(−)
mn (k) in the Minkowski space:
ψ(0)(αβ)(k) = (σmn)αβF
(+)mn(k) , (3.21)
ψ(1)
β˙
α (k) = ε
β˙γ˙(σm)αγ˙Am(k) , (3.22)
ψ(2)(α˙β˙)(k) = (σ˜mn)
α˙β˙F (−)mn(k) , (3.23)
where the matrices σmn, σ˜mn were introduced in (2.12) and we use them in the forms
(σmn)αβ = εβγ (σmn)
γ
α , (σ˜mn)
α˙β˙ = εβ˙γ˙ (σ˜mn)
α˙
γ˙ ,
which are symmetric under permutations α ↔ β and α˙ ↔ β˙. Note that equation (3.22) is
equivalent to the definition (3.20). We also note that in view of the properties (2.13) of the
matrices σmn and σ˜mn the antisymmetric vector-tensors F
(+)
mn (k) and F
(−)
mn (k) are self-dual
and anti-self-dual, respectively:
i
2
εkℓnmF (+)nm = F
(+)kℓ ,
i
2
εkℓnmF (−)nm = −F (−)kℓ . (3.24)
Now we substitute (3.21) and (3.22) into equation (3.15)
kb(σ˜b)
β˙β(σmn)αβF
(+)mn(k) = mεαγ(σ˜
r)β˙γAr(k), (3.25)
then multiply both sides of (3.25) by εδα(σp)δβ˙ and contract the indices α and β˙. As a result,
we have the relation
kb Tr(σ˜b σmn σp) F
(+)mn(k) = mTr(σ˜r σp)Ar(k) , (3.26)
which in view of the identities Tr(σ˜r σp) = 2δ
r
p, Tr(σ˜b σmnσp) = (ηnpηmb − ηnbηmp − i εmnpb)
and (3.24) is written as the equation
2 kℓ F
(+)
ℓp (k) = mAp(k) . (3.27)
In the same way, the remaining equations of the system (3.15)-(3.18) can be transformed
into the following equations:
kℓAp(k)− kpAℓ(k) + i εℓpbr kbAr(k) = 2mF (+)ℓp (k) , (3.28)
kℓAp(k)− kpAℓ(k)− i εℓpbr kbAr(k) = 2mF (−)ℓp (k) , (3.29)
2 kℓ F
(−)
ℓp (k) = m Ap(k) . (3.30)
It follows from equations (3.28) and (3.29) that F
(+)
ℓp (k) and F
(−)
ℓp (k) are expressed in terms
of the vector field components Ar(k). Summing equations (3.28) and (3.29), we obtain
kℓAp(k)− kpAℓ(k) = Fℓp(k) ,
where we introduced the notation Fℓp(k) = m (F
(+)
ℓp (k) + F
(−)
ℓp (k)) for the strength of the
vector field Ar(k). In view of (3.24) the tensors (mF
(+)
ℓ p) and (mF
(−)
ℓ p) determine the self-
dual and anti-self-dual parts of the stress tensor Fℓp(k), respectively. Finally, substituting
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expression (3.28) for F
(+)
ℓp (k) into (3.27) (or expression (3.29) for F
(−)
ℓp (k) into (3.30)), we
deduce the Proca equation (3.19) which describes the dynamics of free spin-1 particles with
mass m.
According to formula (2.27), the spin-tensor wave functions ψ(1)
β˙
α , which are related to
the vector fields Am (see equations (3.20) and (3.22)), are determined by the corresponding
Wigner wave function φ:
ψ(1)
β˙
α (k) =
1
m
(A(k))
γ1
α (A
†−1
(k) (qσ˜))
β˙γ2 φ(γ1γ2)(k) . (3.31)
In the space of SU(2) symmetric tensors of the second rank, we introduce the normalized
basis vectors
ǫ(+1) = ǫ+ ⊗ ǫ+ , ǫ(0) = 1√
2
(ǫ+ ⊗ ǫ− + ǫ− ⊗ ǫ+) , ǫ(−1) = ǫ− ⊗ ǫ− ,
where spinors ǫ+ and ǫ− were defined in (3.1), and expand the symmetric Wigner wave
function φ(k) with the components φ(α1α2)(k) over these basis vectors
φ(k) = φ(11)(k) ǫ
(+1) +
√
2 φ(12)(k) ǫ
(0) + φ(22)(k) ǫ
(−1) . (3.32)
Note that ǫ(+1), ǫ(0), ǫ(−1) are eigenvectors with eigenvalues +1, 0, −1 of the operator S3 of
the third spin component in the representation of the group SU(2) for spin j = 1.
Now we substitute the decomposition (3.32) into (3.31) and fix the test momentum as
q = (m, 0, 0, 0). As a result, expansion (3.31) is written as
ψ(1)
β˙
α =
(
φ(11)(k)
(+)
e β˙α (k) +
√
2 φ(12)(k)
(0)
e β˙α (k) + φ(22)(k)
(−)
e β˙α (k)
)
, (3.33)
where, according to (2.33), the components of the spin-tensors
(+)
e (k),
(0)
e (k) and
(−)
e (k) have
the following form:
(+)
e β˙α (k) = (A(k))
γ1
α (A
†−1
(k) σ˜0)
β˙γ2ǫ+γ1ǫ
+
γ2 = −
µαλ
β˙
zz∗
, (3.34)
(0)
e β˙α (k) = (A(k))
γ1
α (A
†−1
(k) σ˜0)
β˙γ2
1√
2
(ǫ+γ1ǫ
−
γ2
+ ǫ−γ1ǫ
+
γ2
) =
1√
2
(µαµ
β˙ − λαλβ˙)
zz∗
, (3.35)
(−)
e β˙α (k) = (A(k))
γ1
α (A
†−1
(k) σ˜0)
β˙γ2ǫ−γ1ǫ
−
γ2
=
λαµ
β˙
zz∗
. (3.36)
In the space of spin-tensors ψ(1)
β˙
α we define the Hermitian scalar product
(ξ(1), ψ(1)) = ξ(1)
α
β˙
ψ(1)
β˙
α = (ψ(1) , ξ(1))
∗ , (3.37)
where ξ(1)
α
β˙
= (ξ(1)
α˙
β )
∗ is the complex conjugate spin-tensor. With respect to the scalar product
(3.37) the spin-tensors (3.34) – (3.36) form the orthonormal system:
(
(+)
e ,
(+)
e ) = (
(0)
e ,
(0)
e ) = (
(−)
e ,
(−)
e ) = 1 , (
(±)
e ,
(0)
e ) = (
(+)
e ,
(−)
e ) = 0 . (3.38)
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One can deduce relations (3.38) by using the normalization (2.33) of the spinors λ and µ.
Let us find the expansion of the vector potential Am(k) over the components φ(αβ) of the
Wigner wave function φ. To do this, we substitute the expansion (3.33) into formula (3.20)
and obtain
Am =
1√
2
(
φ(11)(k) e
(+)
m (k) +
√
2φ(12)(k) e
(0)
m (k) + φ(11)(k) e
(−)
m (k)
)
, (3.39)
where the vectors
e
(+)
m (k) =
1√
2
(σm)αβ˙ ε
αγ (+)e β˙γ (k) , e
(0)
m (k) =
1√
2
(σm)αβ˙ ε
αγ (0)e β˙γ (k) ,
e
(−)
m (k) = 1√2 (σm)αβ˙ ε
αγ (−)e β˙γ (k) ,
(3.40)
can be naturally interpreted (bearing in mind that the components φ(11), φ(12), φ(22) of the
Wigner wave function (3.32) correspond to the projections +1, 0,−1 of the spin generator
S3 of the stability subgroup SU(2)) as polarization vectors of a massive vector particle.
The polarization vectors e(+)(k), e(0)(k), e(−)(k) with components (3.40) are orthonormal
and transverse to the momentum k. The normalization and orthogonality of these vectors
follow from the conditions (3.38) for the corresponding spin-tensors. Indeed, for any two
complex four-vectors em and e
′
m, which are related to spin-tensors e
β˙
γ and e
′ β˙
γ by means of
equations (3.40), we have the following identity between two scalar products:
em e
′m = 1
2
(σm)α1β˙1 (σ
m)β2α˙2 ε
α1γ1 e β˙1γ1 ε
α˙2γ˙2 e ′β2γ˙2 =
= εα1β2 εβ˙1α˙2 ε
α1γ1 εα˙2γ˙2 e β˙1γ1 e
′β2
γ˙2
= −δγ1β2 δγ˙2β˙1 e
β˙1
γ1
e ′ β2γ˙2 = −(e′ , e) ,
(3.41)
where we put em = (em)
∗ and applied formula (2.45). Then from identity (3.41) and the
normalization (3.38) of the spin-tensors
(+)
e (k),
(0)
e (k) and
(−)
e (k) we deduce
e
(+)m
e
(+)
m = e(0)
m
e
(0)
m = e(−)
m
e
(−)
m = −1 , e(±)m e(0)m = e(+)m e(−)m = 0 . (3.42)
The property that the vectors e(±)m , e
(0)
m are transverse to the momentum km can be easily
proved in the framework of the two-spinor formalism by using the representations (2.35) and
(3.34) – (3.36). For example, the transversality of the vector e(+)m follows from the chain of
equalities:
kme(+)m (k) =
1√
2
(kmσm)αβ˙ ε
αγ (+)e β˙γ (k) = −
m√
2 z2z∗2
(µα µβ˙ + λα λβ˙)µ
α λβ˙ = 0 , (3.43)
where we used formulas (2.35), (3.34) and the properties of the commuting Weyl spinors:
µαµ
α = εαβµαµβ = 0 , λβ˙λ
β˙ = εβ˙α˙λβ˙λα˙ = 0, which follow from the definition (2.9)
of the metrics ||εαβ|| and ||εα˙β˙||. The transversality of the vectors e(0)m and e(−)m is proved
analogously. Thus, e(+)(k), e(0)(k) and e(−)(k) are indeed interpreted as polarization vectors,
and expression (3.39) gives the expansion of the vector potential with the components Am(k)
over these polarization vectors.
At the end of this Subsection devoted to a detailed discussion of unitary representations
of the group ISL(2,C) with spin j = 1 , we calculate the sum over polarizations of the
product of vectors (3.40):
Θ(1)nm(k) = −
(
e
(+)
n (k) e
(+)
m (k) + e
(−)
n (k) e
(−)
m (k) + e
(0)
n (k) e
(0)
m (k)
)
. (3.44)
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Here the common minus sign is chosen in accordance with the normalization (3.42) of the
vectors e(+)(k), e(0)(k) and e(−)(k) so that the matrix (Θ(1))rm = η
rnΘ
(1)
nm(k) satisfies the
projection property
(Θ(1))nr (k) (Θ
(1))rm(k) = (Θ
(1))nm(k) . (3.45)
The matrix ||Θ(1)nm(k)|| is called the density matrix of massive vector particles and plays an
important role in the relativistic theory. To calculate the sum (3.44), we use the two-spinor
formalism. We substitute formulas (3.40) and (3.34)–(3.36) into (3.44) and obtain:
Θ(1)nm(k) = −
1
4
(σn)ββ˙(σm)αα˙
(µρλρ)(µρ˙λρ˙)
(
2µβλβ˙λαµα˙ + 2λβµβ˙µαλα˙ + (µβµβ˙ − λβλβ˙)(µαµα˙ − λαλα˙)
)
.
(3.46)
Then we expand the brackets in the right-hand side of (3.46) and group terms in a different
way:
Θ(1)nm(k) =
1
4
(σn)ββ˙(σm)αα˙
(µρλρ)(µρ˙λρ˙)
(
(µβ˙λα˙ − µα˙λβ˙)(µβλα − µαλβ)− (µβµα˙ + λβλα˙)(µαµβ˙ + λαλβ˙)
)
,
(3.47)
whereupon we use the two-spinor representations (2.35) for the momentum k and the identities:(
µβ˙ λα˙ − µα˙ λβ˙) = εα˙β˙ (µρ˙ λρ˙) , (µβ λα − µα λβ) = εαβ (µρ λρ) (3.48)
to deduce the final expression for Θ
(1)
nm(k):
Θ(1)nm(k) =
1
4
(σn)ββ˙ (σm)αα˙
(
εα˙β˙εαβ − (k
sσ˜s)
α˙β(klσ˜l)
β˙α
m
2
)
=
=
1
2
(
ηnm − k
sklTr(σnσ˜lσmσ˜s)
2m2
)
=
(
ηnm − knkm
m
2
)
=
(
ηnm − knkm
k2
)
.
(3.49)
Here we take into account the identities
Tr(σ˜nσm) = 2ηnm , Tr(σnσ˜lσmσ˜s) = 2(ηnlηms − ηnmηls + ηnsηml − iεnlms) , (3.50)
and the fact that the momentum k belongs to the mass shell: (k)2 = m2.
3.3 Spin j = 3/2.
According to Proposition 2, the unitary representation ISL(2,C) with spin j = 3/2 is
realized in the space of spin-tensor wave functions: ψ(0)α1α2α3(k), ψ
(1)β˙1
α1α2(k), ψ
(2)β˙1β˙2
α1 (k), ψ(3)
β˙1β˙2β˙3(k),
given in (2.27). In view of the Dirac-Pauli-Fierz equations (2.30) only two functions ψ(1)
β˙1
α1α2(k)
and ψ(2)
β˙1β˙2
α1 (k) can be regarded as independent. We transform these two wave functions into
spin-vectors (ψ−n )α2(k), (ψ
+
n )
β˙2(k) by converting in the standard way one dotted and one
undotted indices into a vector index n:
(ψ−n )α2(k) =
1
2
εγ1α1(σn)γ1β˙1ψ
(1)β˙1
α1α2(k), (ψ
+
n )
β˙2(k) =
1
2
εγ1α1(σn)γ1β˙1ψ
(2)β˙1β˙2
α1 (k) . (3.51)
From this set of Weyl spinors we form a bispinor wave function
Ψn(k) =
(
(ψ−n )α2(k)
(ψ+n )
β˙2(k)
)
, (3.52)
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which simultaneously is a 4-vector. The wave function (Ψn)A(k) possesses not only the spinor
index A = 1, 2, 3, 4 but in addition it also has the vector index n = 0, 1, 2, 3. We define the
Dirac conjugate wave function Ψ
B
n (k) in the standard way:
Ψn = (Ψn)
†γ0 =
(
(ψ¯+n )
β2 , (ψ¯−n )α˙2
)
, (3.53)
where we used the notation: ψ¯+n = (ψ
+
n )
∗ , ψ¯−n = (ψ
−
n )
∗.
Proposition 4 The spin-vector wave function Ψn(k), defined in (3.52), satisfies the Rarita-
Schwinger equation
γ[mrn] kr Ψn(k) +m γ
[mn] Ψn(k) = 0 , (3.54)
describing the field of a free massive relativistic particle with spin j = 3/2. In formula (3.54)
we used the notation γ[mrs] and γ[mn] for antisymmetrized products of γ-matrices
γ[mn] =
1
2
(γmγn − γnγm) , γ[mrs] = 1
3
(γmγ[rs] − γrγ[ms] + γsγ[mr]) . (3.55)
Proof. Equation (3.54) is equivalent to a system of three equations
γnΨn(k) = 0 , k
nΨn(k) = 0 , (γ
r kr −m) Ψn(k) = 0 ,
which follow from the Dirac-Pauli-Fierz equations (2.30) for the spin-tensors ψ(0)α1α2α3(k), ψ
(1)β˙1
α1α2(k),
ψ(2)
β˙1β˙2
α1 (k) and ψ(3)
β˙1β˙2β˙3(k). The proof of these facts is straightforward and employs the same
methods which we have already used in proving Proposition 3.
Now by using the two-spinor formalism, we construct the expansion of the spin-vector
wave function Ψn(k) over polarizations. We will make it in the same way as we constructed
such expansions for spins j = 1/2 and j = 1 in Sections 3.1 and 3.2. The spin-tensor wave
functions ψ(1)
β˙1
α1α2(k), ψ
(2)β˙1β˙2
α1 (k), which define the spin-vector Ψn(k) in (3.52), are related to
the Wigner wave functions φ(γ1γ2γ3) by formula (2.27):
ψ(1)
β˙1
α1α2(k) = (A(k))
γ1
α1(A(k))
γ2
α2(A
†−1
(k) σ˜0)
β˙1γ3φ(γ1γ2γ3) , (3.56)
ψ(2)
β˙1β˙2
α1 (k) = (A(k))
γ1
α1
(A†−1(k) σ˜0)
β˙1γ2(A†−1(k) σ˜0)
β˙2γ3φ(γ1γ2γ3) . (3.57)
In the space of symmetric third-rank SU(2)-tensors we introduce normalized basis vectors
ǫ(
3
2
) = ǫ+ ⊗ ǫ+ ⊗ ǫ+ , ǫ( 12 ) = 1√
3
(ǫ+ ⊗ ǫ+ ⊗ ǫ− + ǫ+ ⊗ ǫ− ⊗ ǫ+ + ǫ− ⊗ ǫ+ ⊗ ǫ+) ,
ǫ(−
1
2
) = 1√
3
(ǫ− ⊗ ǫ− ⊗ ǫ+ + ǫ− ⊗ ǫ+ ⊗ ǫ− + ǫ+ ⊗ ǫ− ⊗ ǫ−) , ǫ(− 32 ) = ǫ− ⊗ ǫ− ⊗ ǫ− ,
(3.58)
where the spinors ǫ+ and ǫ− were defined in (3.1), and we expand the symmetric Wigner
wave function φ(k) with the components φ(α1α2α3)(k) over these basis vectors
φ(k) = φ(111)(k) ǫ
( 3
2
) +
√
3φ(112)(k) ǫ
( 1
2
) +
√
3φ(122)(k) ǫ
(− 1
2
) + φ(222)(k) ǫ
(− 3
2
) . (3.59)
We substitute expansion (3.59) into formulas (3.56), (3.57), use (3.5) and then the result is
substituted into (3.52). Finally, we obtain
Ψn(k) =
1√
2
(
φ(111)(k)e
( 3
2
)
n (k)+
√
3φ(112)(k)e
( 12 )
n (k)+
√
3φ(122)(k)e
(− 12 )
n (k)+φ(222)(k)e
(− 32 )
n (k)
)
,
(3.60)
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where we have introduced the notation:
e
( 3
2
)
n (k) = e
(+)
n (k)e(+) , e
( 1
2
)
n (k) =
√
2
3
e
(0)
n (k)e(+) +
√
1
3
e
(+)
n (k)e(−) ,
e
(− 1
2
)
n (k) =
√
2
3
e
(0)
n (k)e(−) +
√
1
3
e
(−)
n (k)e(+) , e
(− 3
2
)
n (k) = e
(−)
n (k)e(−)
(3.61)
and vectors e
(+)
n (k), e
(0)
n (k), e
(−)
n (k) were defined in (3.40), while bispinors e(+), e(−) were
defined in (3.11). As before, it is natural to assume that the bispinor functions e
( 3
2
)
n (k), e
( 1
2
)
n (k),
e
(− 1
2
)
n (k), e
(− 3
2
)
n (k) are polarization spin-vectors (below we simply call them polarizations).
The spin-vector wave function Ψn(k) which describes particles with spin j = 3/2 is decomposed
into a linear combination of polarization spin-vectors (3.61).
Below in this paper, to simplify formulas, we do not often write the dependence of
polarizations on the momentum k. The bispinors (3.61) are normalized as follows:
(e(m)n )
Aηnr(e(m
′)
r )A = −2δm m
′
, m,m′ = −3
2
,−1
2
,
1
2
,
3
2
; (3.62)
here we used the normalization conditions (3.13) and (3.42). The sum over the polarizations
(the density matrix for particles of spin 3/2) is defined by the expression:
(Θ
( 3
2
)
nr )
B
A = −
1
2
3/2
Σ
m=−3/2
(e(m)n )A(e
(m)
r )
B , (3.63)
and in view of (3.62) satisfies the projector property (Θ
( 3
2
)
nr ) BA η
rℓ (Θ
( 3
2
)
ℓm )
C
B = (Θ
( 3
2
)
nm) CA .
Finally, we substitute (3.61) into formula (3.63) and group terms so that the density matrix
(3.63) takes the form:
(Θ
( 3
2
)
nr ) BA (k) =
1
2
(
(e(+)n e
(+)
r + 23e
(0)
n e
(0)
r + 13e
(−)
n e
(−)
r ) e
(+)
A e
(+)B +
+
√
2
3
(e(0)n e
(+)
r + e
(−)
n e
(0)
r ) e
(+)
A e
(−)B +
√
2
3
(e(+)n e
(0)
r + e
(0)
n e
(−)
r ) e
(−)
A e
(+)B +
+(e(−)n e
(−)
r +
2
3
e
(0)
n e
(0)
r +
1
3
e
(+)
n e
(+)
r ) e
(−)
A e
(−)B
)
.
(3.64)
We will need this form of the spin j = 3/2 density matrix below in Section 5.
3.4 Spin j = 2.
According to Proposition 2, the unitary representation (with spin j = 2) of the group
ISL(2,C) is realized in the space of spin-tensor wave functions:
ψ(0)(α1α2α3α4)(k) , ψ
(1)β˙1
(α1α2α3)
(k) , ψ(2)
(β˙1β˙2)
(α1α2)
(k) , ψ(3)
(β˙1β˙2β˙3)
α1 (k) , ψ(4)
(β˙1β˙2β˙3β˙4)(k) . (3.65)
These wave functions were defined in (2.27) and satisfy the system of Dirac-Pauli-Fierz
equations (2.30). The most important for us spin-tensor wave function is the function ψ(2)(k),
which corresponds to a symmetric second-rank tensor hn1n2(k) in the Minkowski space-time.
The relation between ψ(2)(k) and hn1n2(k) is given by the standard formula
hn1n2(k) =
1
4
(σn1)α1β˙1 (σn2)α1β˙1ε
α2γ2εα1γ1ψ(2)
(β˙1β˙2)
(γ1γ2)
(k) = hn2n1(k) . (3.66)
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Proposition 5 The system of Dirac-Pauli-Fierz equations (2.30) for spin-tensor wave functions
(3.65) is equivalent to the massive Pauli-Fierz equation [4] for the wave functions hmn(k) of
massive graviton:
k2 hmn(k)− kmkr hrn(k)− knkr hrm(k) + ηmnkr kℓ hrℓ(k)+
+knkmh(k)− ηmnk2 h(k)−m2(hmn(k)− ηmn h(k)) = 0 ,
(3.67)
where h(k) = ηrshrs(k).
Proof. The proof of this Proposition is straightforward and is carried out in the same way
as the proof of Proposition 3. First, from equations (2.30) it follows that the wave functions
ψ(r)(k) for r = 0, 1, 3, 4 are expressed via one spin-tensor function ψ(2)(k). Then one can prove
that the symmetric wave function hmn(k), which is defined in (3.66), satisfies the system of
equations
ηmn hmn(k) = 0 , k
m hmn(k) = 0 , k
2 hmn = m
2 hmn , (3.68)
which is equivalent to the Pauli-Fierz equation (3.67).
Now in full analogy with what we have done in Subsections 3.1 – 3.3, we construct
the expansion of the massive graviton wave functions hnm(k) over polarizations (in this
case the polarizations are linearly independent second-rank vector-tensors). In accordance
with (2.27), the components of the spin-tensor wave function ψ(2)(k) are defined via the
components φ(δ1δ2δ3δ4)(k) of Wigner’s wave function φ(k) as follows:
ψ(2)
(β˙1β˙2)
(α1α2)
(k) =
1
m
2
(A(k))
δ1
α1
(A(k))
δ2
α2
(A†−1(k) (qσ˜))
β˙1δ3(A†−1(k) (qσ˜))
β˙2δ4φ(δ1δ2δ3δ4)(k) . (3.69)
Introduce basis vectors in the space of completely symmetric four-rank tensors φ(k):
ǫ(2) = ǫ+ǫ+ǫ+ǫ+, ǫ(1) = 1
2
(ǫ+ǫ+ǫ+ǫ− + ǫ+ǫ+ǫ−ǫ+ + ǫ+ǫ−ǫ+ǫ+ + ǫ−ǫ+ǫ+ǫ+),
ǫ(0) = 1√
6
(ǫ+ǫ+ǫ−ǫ− + ǫ+ǫ−ǫ+ǫ− + ǫ−ǫ+ǫ+ǫ− + ǫ−ǫ−ǫ+ǫ+ + ǫ−ǫ+ǫ−ǫ+ + ǫ+ǫ−ǫ−ǫ+),
ǫ(−1) = 1
2
(ǫ−ǫ−ǫ−ǫ+ + ǫ−ǫ−ǫ+ǫ− + ǫ−ǫ+ǫ−ǫ− + ǫ+ǫ−ǫ−ǫ−), ǫ(−2) = ǫ−ǫ−ǫ−ǫ− ,
(3.70)
where spinors ǫ± are defined in (3.1), and to be short, we omit in (3.70) the tensor product
signs between multipliers ǫ±. The symmetric Wigner wave function φ(k) with the components
φ(δ1δ2δ3δ4)(k) is expanded over the basis (3.70):
φ(k) = φ(2)(k)ǫ
(2) + φ(1)(k)ǫ
(1) + φ(0)(k)ǫ
(0) + φ(−1)(k)ǫ(−1) + φ(−2)(k)ǫ(−2), (3.71)
where φ(2) = φ(1111), φ(1) = 2φ(1112), φ(0) =
√
6φ(1122), φ(−1) = 2φ(1222) and φ(−2) = φ(2222).
We fix as usual the test momentum in the form q = (m, 0, 0, 0). Then, we substitute the
expansion (3.71) for Wigner’s wave function φ(k) into (3.69) and obtain
ψ(2)
(β˙1β˙2)
(α1α2)
(k) = φ(2)
(2)
e
(β˙1β˙2)
(α1α2)
+φ(1)
(1)
e
(β˙1β˙2)
(α1α2)
+φ(0)
(0)
e
(β˙1β˙2)
(α1α2)
+φ(−1)
(−1)
e
(β˙1β˙2)
(α1α2)
+φ(−2)
(−2)
e
(β˙1β˙2)
(α1α2)
, (3.72)
where the coefficients φ(m) are functions of the momentum k and we introduce the notation:
(2)
e
(β˙1β˙2)
(α1α2)
(k) =
(+)
e β˙1α1 (k)
(+)
e β˙2α2 (k),
(1)
e
(β˙1β˙2)
(α1α2)
(k) = 1√
2
(
(+)
e β˙1α1 (k)
(0)
e β˙2α2 (k) +
(0)
e β˙1α1 (k)
(+)
e β˙2α2 (k))
(0)
e
(β˙1β˙2)
(α1α2)
(k) = 1√
6
(
(+)
e β˙1α1 (k)
(−)
e β˙2α2 (k) +
(−)
e β˙1α1 (k)
(+)
e β˙2α2 (k) + 2
(0)
e β˙1α1 (k)
(0)
e β˙2α2 (k))
(−1)
e
(β˙1β˙2)
(α1α2)
(k) = 1√
2
(
(−)
e β˙1α1 (k)
(0)
e β˙2α2 (k) +
(0)
e β˙1α1 (k)
(−)
e β˙2α2 (k)),
(−2)
e
(β˙1β˙2)
(α1α2)
(k) =
(−)
e β˙1α1 (k)
(−)
e β˙2α2 (k) .
(3.73)
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Recall that the spin-tensors
(+)
e β˙1α1 (k),
(−)
e β˙1α1 (k),
(0)
e β˙1α1 (k) were defined in (3.34)-(3.36). Finally,
we substitute expansion (3.72) for ψ(2)(k) into expression (3.66) for the vector-tensors hn1n2(k)
and deduce:
hn1n2(k) =
1
2
(φ(2)e
(2)
n1n2 + φ(1)e
(1)
n1n2 + φ(0)e
(0)
n1n2 + φ(−1)e
(−1)
n1n2 + φ(−2)e
(−2)
n1n2), (3.74)
where we defined the spin j = 2 polarization tensors
e
(2)
n1n2 = e
(+)
n1 e
(+)
n2 , e
(1)
n1n2 =
1√
2
(e(+)n1 e
(0)
n2 + e
(0)
n1 e
(+)
n2 ),
e
(0)
n1n2 =
1√
6
(e(+)n1 e
(−)
n2 + e
(−)
n1 e
(+)
n2 + 2e
(0)
n1e
(0)
n2 ),
e
(−1)
n1n2 =
1√
2
(e(−)n1 e
(0)
n2 + e
(0)
n1 e
(−)
n2 ), e
(−2)
n1n2 = e
(−)
n1 e
(−)
n2 .
(3.75)
Here e(+)n1 , e
(−)
n1 , e
(0)
n1 are the polarization vectors (for spin j = 1) which were introduced in
(3.40). The density matrix for spin j = 2 is given by the sum over polarizations:
Θ
(2)
n1n2r1r2 = e
(+)
n1 e
(+)
n2 e
(+)
r1 e
(+)
r2 +
1
2
(e(+)n1 e
(0)
n2 + e
(0)
n1 e
(+)
n2 )(e
(+)
r1 e
(0)
r2 + e
(0)
r1 e
(+)
r2 )+
+1
6
(e(+)n1 e
(−)
n2 + 2e
(0)
n1 e
(0)
n2 + e
(−)
n1 e
(+)
n2 )(e
(+)
r1 e
(−)
r2 + 2e
(0)
r1 e
(0)
r2 + e
(−)
r1 e
(+)
r2 )+
+1
2
(e(0)n1 e
(−)
n2 + e
(−)
n1 e
(0)
n2 )(e
(0)
r1 e
(−)
r2 + e
(−)
r1 e
(0)
r2 ) + e
(−)
n1 e
(−)
n2 e
(−)
r1 e
(−)
r2 .
(3.76)
We will use this formula below.
4 The polarization vector for the fields of arbitrary integer
spin
The unitary irreducible representation (2.19) of the group ISL(2,C) with spin j, according to
(2.20) ,acts in the space of symmetrized Wigner’s wave functions φ(α1···α2j)(k). It is convenient
to write these symmetrized wave functions as a generating function:
φ(k; v) = φ(α1···α2j )(k)v
α1 · · · vα2j , (4.1)
where vα are the components of the auxiliary Weyl spinor v = (v1, v2). Introduce homogeneous
monomials T jm(v) in the variables v
1 and v2:
T jm(v) =
(v1)j+m(v2)j−m√
(j +m)!(j −m)! , m = −j, · · · , j , (4.2)
which can be considered as (2j + 1) basis elements in the space of polynomials (4.1) since
any polynomial (4.1) can be expanded in terms of T jm(v):
φ(k, v) =
j
Σ
m=−j
φm(k) T
j
m(v) . (4.3)
The relation between the coefficients φm(k) and φ(α1···α2j)(k) is given by the formula:
φm(k) =
(2j)!√
(j +m)!(j −m)!φ( 1···1︸︷︷︸
j+m
2···2︸︷︷︸
j−m
)(k) . (4.4)
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In the space of polynomials (4.1) and (4.3) an irreducible representation of the algebra
sℓ(2,C) is realized with generators:
S+ = v
2∂v1 , S− = v
1∂v2 , S3 =
1
2
(v1∂v1 − v2∂v2) (4.5)
The monomials T jm(v) are the eigenvectors of the operator S3 (the third component of the
spin vector) given in (4.5). In fact, we have
S3T
j
m(v) = mT
j
m(v) ; (4.6)
therefore, the coefficients φm(k) in the expansion (4.3) correspond to the projections m of
the operator S3.
Formula (2.27), which connects the Wigner wave function φ(α1···α2j)(k) to the spin-tensor
wave function ψ(r)
(β˙1...β˙r)
(α1...αp)
(k), can be rewritten in terms of the generating functions (2.40),
(4.1) as follows:
ψ(r)(k; u, u) =
1
(2j)! mr
p∏
i=1
(uαi(A(k))
ρi
αi
∂(v)ρi )
r∏
ℓ=1
(
uβ˙ℓ
(
A−1†(k) · (qσ˜)
)β˙ℓρp+ℓ∂(v)ρp+ℓ) φ(k; v), (4.7)
where p + r = 2j and ∂(v)ρi =
∂
∂vρi
. We fix as usual the test momentum q = (m, 0, 0, 0) and
substitute expression (4.3) for the Wigner wave function to the formula (4.7). After that,
expanding the left-and right-hand sides of (4.7) over u and u, we obtain
ψ(r)
(β˙1...β˙r)
(α1...αp)
(k) =
1
(2j)!
j∑
m=−j
φm(k)
p
Π
i=1
(A(k))
ρi
αi
r
Π
ℓ=1
(
A−1†(k) σ˜0
)β˙ℓρp+ℓ ǫ(m)ρ1···ρ2j , (4.8)
where
ǫ(m)ρ1···ρ2j = ∂
(v)
ρ1 · · ·∂(v)ρ2j T jm(v) . (4.9)
It is clear that the tensor ǫ
(m)
ρ1···ρ2j does not depend on the components v
α and is symmetric
with respect to permutations of the indices ρi. In view of the normalization accepted in (4.2)
equation (4.9) gives
ǫ(m)
1···1︸︷︷︸
j+m
2···2︸︷︷︸
j−m
=
√
(j +m)!(j −m)! . (4.10)
All components ǫ
(m)
ρ1···ρ2j with the number of units in the subscripts differing from (j+m) (and
the number of deuces in the subscripts differs from (j − m), see (4.10)) are equal to zero.
Thus, for the symmetric tensor ǫ
(m)
ρ1···ρ2j , there exist only
(2j)!
(j−m)!(j+m)! non-zero components
equal to each other (and are equal to (4.10)). Define spin-tensors
(m)
e
(β˙1...β˙r)
(α1...αp)
(k) =
1√
(2j)!
p
Π
i=1
(A(k))
ρi
αi
r
Π
ℓ=1
(
A−1†(k) σ˜0
)β˙ℓρp+ℓ ǫ(m)ρ1···ρ2j , (4.11)
where the normalization factor 1√
(2j)!
is chosen for convenience. Then, in terms of spin-tensors
(4.11), formula (4.8) can be rewritten as:
ψ(r)
(β˙1...β˙r)
(α1...αp)
(k) =
1√
(2j)!
j∑
m=−j
φm(k)
(m)
e
(β˙1...β˙r)
(α1...αp)(k) . (4.12)
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Proposition 6 The spin-tensor wave functions
(m)
e
(β˙1...β˙r)
(α1...αp)(k), given in (4.11), satisfy the
Dirac-Pauli-Fierz equations:
km(σ˜m)
γ˙1α1
(m)
e
(r)(β˙1...β˙r)
(α1...αp) (k) = m
(m)
e
(r+1)(γ˙1β˙1...β˙r)
(α2...αp) (k) , (r = 0, . . . , 2j − 1) ,
km(σm)γ1β˙1
(m)
e
(r)(β˙1...β˙r)
(α1...αp) (k) = m
(m)
e
(r−1)(β˙2...β˙r)
(γ1α1...αp) (k) , (r = 1, . . . , 2j) .
(4.13)
Proof. The proof is based on the use of the definition (4.11) and is carried out similarly to
the proof of Proposition 1.
In this Section, we will mainly consider spin-tensor wave functions of type ( j
2
, j
2
): ψ(j)
(β˙1···β˙j)
(α1...αj)
(k)
for which the number of dotted and undotted indices is the same. It gives us the possibility to
suppress sometimes the index (j) in the notation of the spin-tensor ψ(j) (we have to restore
this index in the proof of Proposition 7). The spin-tensor functions of ( j
2
, j
2
)-type are related
to the vector-tensors in the Minkowski space by the following formula (cf. (3.20) and (3.66)):
fn1···nj (k) =
1
2j
(σn1)α1β˙1 · · · (σnj )αj β˙jεα1γ1 · · · εαjγjψ
(β˙1···β˙j)
(γ1...γj)
(k) (4.14)
By vector-tensors we call the tensors with the components fn1···nj (k) having only vector
indices {n1, · · · , nj}. We note that in view of the symmetry of the components ψ(β˙1···β˙j)(α1...αj)(k)
under all permutations of the spinor indices (β˙1 · · · β˙j) and (α1 · · ·αj), the vector-tensor
fn1···nj (k), given in (4.14), is completely symmetric with respect to the permutations of the
vector indices.
As in (3.37), we define the Hermitian scalar product of the spin-tensor functions ψ(k)
and ξ(k) of type ( j
2
, j
2
) in the following way:
(ψ(k), ξ(k)) := ψ
(α1...αj)
(β˙1···β˙j) (k) ξ
(β˙1···β˙j)
(α1...αj)
(k) (4.15)
where ψ
(α1...αj)
(β˙1···β˙j) (k) := (ψ
(α˙1...α˙j)
(β1···βj) (k))
∗. Recall that under complex conjugation ∗ the dotted
indices of the spin-tensors are converted to undotted indices and vice versa. Now one can
check that the spin-tensors
(m)
e (k) defined in (4.11) are orthonormal with respect to the scalar
product (4.15). This follows from the chain of equations:
(
(m)
e (k),
(m˜)
e (k)) = 1
(2j)!
2j
Π
i=1
((
(A(k))
γi
βi
(
A−1†(k) σ˜0
)α˙iγj+i)∗(A(k)) ρiαi (A−1†(k) σ˜0)β˙iρj+i)·
·ǫ(m)γ1···γ2jǫ(m˜)ρ1···ρ2j = 1(2j)!ǫ
(m)
γ1···γ2jǫ
(m˜)γ1···γ2j = δ(m)(m˜) ,
(4.16)
where we used the identities:(
(A(k))
γi
βi
(
A−1†(k) σ˜0
)α˙iγj+i)∗ = (A†(k))γiβ˙i(A−1(k) σ˜0)γj+iαi , σ˜0 = I2 , (4.17)
ǫ(m)γ1···γ2j ǫ
(m˜)γ1···γ2j = (2j)! δ(m)(m˜) . (4.18)
Formula (4.18) follows directly from the normalization (4.10) and the properties of ǫ
(m)
ρ1···ρ2j ,
which were discussed after eq. (4.10). We stress that in equations (4.16)–(4.18) it is not
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needed to put dots over the indices γi since these indices correspond to the representations
of the group SU(2).
Now we convert the spin-tensor wave functions ψ
(β˙1···β˙j)
(γ1...γj)
(k) to the vector-tensor functions
fn1···nj (k) by means of relation (4.14) and substitute expression (4.12) for ψ
(β˙1···β˙j)
(γ1...γj)
(k) in terms
of Wigner’s coefficients φm(k). As a result, we obtain the expansion
fn1···nj(k) =
1√
2j(2j)!
j∑
m=−j
φm(k) e
(m)
n1···nj (k) , (4.19)
where we used the notation:
e
(m)
n1···nj(k) =
1√
2j
(σn1)α1β˙1 · · · (σnj )αj β˙j εα1γ1 · · · εαjγj
(m)
e
(β˙1...β˙j)
(γ1...γj)
(k) . (4.20)
The vector-tensors e(m)n1···nj(k) will be called polarization tensors for particles with spin j. This
terminology is natural since the vector-tensors e(m)n1···nj (k) form the basis in the expansion of
the fields fn1···nj (k) over Wigner’s coefficients φm(k), which in view of (4.3) and (4.6) are
propotional to contributions of projection m of the spin component S3.
For further purposes, we need to calculate the normalization of the polarization tensors:
e
(m)n1···nj(k)e(m˜)n1···nj(k) =
1
2j
(σn1)τ1ρ˙1 · · · (σnj)τj ρ˙j ερ˙1ν˙1 · · · ερ˙j ν˙j
(m)
e
(τ1...τr)
(ν˙1...ν˙p)(k)·
·(σn1)α1β˙1 · · · (σnj )αj β˙j εα1γ1 · · · εαjγj
(m˜)
e
(β˙1...β˙r)
(γ1...γp)
(k) =
= ετ1α1 · · · ετjαjερ˙1β˙1 · · · ερ˙j β˙jεα1γ1 · · · εαjγjερ˙1ν˙1 · · · ερ˙j ν˙j
(m)
e
(τ1...τj)
(ν˙1...ν˙j)
(k)
(m˜)
e
(β˙1...β˙j)
(γ1...γj)
(k) =
= (−1)j
(m)
e
(γ1...γj)
(β˙1...β˙j)
(k)
(m˜)
e
(β˙1...β˙j)
(γ1...γj)
(k) = (−1)jδ(m)(m˜),
(4.21)
where e(m˜)n1···nj (k) = (e(m˜)n1···nj(k))∗. In the calculation (4.21) we used formula (2.45), the
properties of the metrics εαβ and εα˙β˙ (see (2.9)) and the normalization (4.16) of the spin-
tensors
(m)
e (k).
Remark 1. Using definition (4.11) in the case r = p (i.e. for integer spins j) we deduce the
recurrence relation:
e
(m)
n1···nj =
1√
2j (2j−1)
(√
(j +m)(j +m− 1) e(m−1)n1···nj−1 e(+)nj +
+
√
(j −m)(j −m− 1) e(m+1)n1···nj−1 e(−)nj +
√
2(j −m)(j +m) e(m)n1···nj−1 e(0)nj
)
,
(4.22)
which completely determines the polarization tensor e
(m)
n1···nj for any j via the vectors of
polarization e
(a)
n (a = 0,±) for j = 1.
We construct the spin projection operator Θ(k) as the sum of products e(m)(k) · e(m)(k)
over all polarizations m:
Θ
n1···nj
r1···rj (k) := (−1)j
j
Σ
m=−j
e
(m)
r1···rj(k)e(m)
n1···nj (k) (4.23)
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This operator is sometimes called the density matrix for a massive particle with integer spin
j, or the Behrends-Fronsdal projection operator [20], [21]. For spin j = 1 the operator Θ(k)
was explicitly calculated in (3.49). In the case j = 2, we presented formula (3.76) for the
operator Θ(k) in terms of polarization vectors (3.40).
Proposition 7 The operator Θ(k), defined in (4.23), satisfies the following properties:
1) projective property and reality: Θ2 = Θ, Θ† = Θ;
2) symmetry: Θ
n1···nj···ri···rℓ··· = Θ
n1···nj···rℓ···ri···, Θ
···ni···nℓ···
r1···rj = Θ
···nℓ···ni···
r1···rj ;
3) transversality: kr1Θ
n1···nj
r1···rj = 0, kn1Θ
n1···nj
r1···rj = 0;
4) traceless: ηr1r2Θ
n1···nj
r1r2···rj = 0.
Proof. Two relations from the first property are written in the component form as
Θ
n1···nj
r1r2···rj Θ
r1r2···rj
ℓ1ℓ2···ℓj = Θ
n1···nj
ℓ1···ℓj , (Θ
n1···nj
r1r2···rj )
∗ = Θr1r2···rjn1···nj ,
and they are valid in view of definition (4.23) of the operator Θ(k) and the normalization
conditions (4.21) for the polarization vector-tensors e(m)(k). The second property follows
from the symmetry of the vector-tensors e(m)n1···nj(k) with respect to any permutation of vector
indices {n1, · · · , nj}, as it follows from formula (4.20).
The third property is equivalent to the transversality of the vector-tensors e(m)(k), i.e.,
is equivalent to the condition kr1e(m)r1···rj(k) = 0. This condition follows from the chain of
relations:
kr1e(m)r1···rj (k) =
1√
2j
kr1(σr1)α1β˙1 · · · (σrj )αj β˙j εα1γ1 · · · εαjγj
(m)
e
(j)(β˙1...β˙j)
(γ1...γj)
(k) =
= m√
2j
(σr2)α2β˙2 · · · (σrj )αj β˙j εα1γ1 · · · εαjγj
(m)
e
(j−1)(β˙2...β˙j)
(α1γ1...γj)
(k) = 0 ,
(4.24)
(here we need to restore the label (j) in the notation of the spin-tensors
(m)
e (k)→ (m)e (j)(k)). In
(4.24) we used definition (4.20) of the vector-tensors e(m)r1···nj (k), Dirac-Pauli-Fierz equations
(4.13) and the fact that the contraction of a symmetric tensor with an antisymmetric one
gives zero.
The fourth property is equivalent to the statement that the vector-tensors e(m)(k) are
traceless, i.e., ηr1r2e(m)r1···rj(k) = 0. This statement can be proven as follows:
ηr1r2e(m)r1···rj (k) = (σ
r2)α1β˙1(σr2)α2β˙2 · · · (σrj )αj β˙j εα1γ1 · · · εαjγj
(m)
e
(β˙1...β˙j)
(γ1...γj)
(k) =
= (σr3)α3β˙3 · · · (σrj )αj β˙j εα1γ1 · · · εαjγjεα1α2εβ˙1β˙2
(m)
e
(β˙1...β˙j)
(γ1...γj)
(k) = 0
(4.25)
where we apply formula (2.45).
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5 Spin projection operators for integer and half-integer
spins.
In this Section, we find an explicit expression for the projection operator Θ
n1···nj
r1···rj (k) (see
(4.23)) for any integer spin j > 1, in terms of the operator Θnr (k). The operator Θ
n
r (k) is the
projection operator for spin j = 1 and it was calculated in (3.49) . For the four-dimensional
D = 4 space-time, the Behrends-Fronsdal projection operatorΘ(k) was explicitly constructed
in [20], [21]. Here we find a generalization of the Behrends-Fronsdal operator to the case of an
arbitrary number of dimensions D > 2. Also in this Section we prove an important formula
which connects the projection operators for half-integer spins j with the projection operators
for integer spins j + 1/2. The construction will be based on the properties of this operator,
which are listed in Proposition 7.
Instead of the tensor Θ
n1...nj
r1...rj (k) symmetrized in the upper and lower indices, it is convenient
to consider the generating function
Θ(j)(x, y) = xr1 · · ·xrj Θn1...njr1...rj (k) yn1 · · · ynj . (5.1)
For concreteness, we shall assume that the tensor with the components Θ
n1...nj
r1...rj (k) is defined
in the pseudo-Euclidean D-dimensional space Rs,t (s+ t = D) with an arbitrary metric η =
||ηmn||, having the signature (s, t). Indices nℓ and rℓ in (5.1) run through values 0, 1, . . . , D−1
and (x0, ..., xD−1), (y0, ..., yD−1) ∈ Rs,t.
Proposition 8 The generating function (5.1) of the covariant projection operator Θ
n1...nj
r1...rj
(in D-dimensional space-time), satisfying properties 1)-4), listed in Proposition 7, has the
form
Θ(j)(x, y) =
[ j
2
]∑
A=0
a
(j)
A
(
Θ
(y)
(y)Θ
(x)
(x)
)A (
Θ
(y)
(x)
)j−2A
, (5.2)
where [ j
2
] – integer part of j/2,
a
(j)
A =
(
−1
2
)A j!
(j − 2A)!A! (2j +D − 5)(2j +D − 7) · · · (2j +D − 2A− 3) , (A ≥ 1) ,
(5.3)
a
(j)
0 = 1, and the function Θ
(y)
(x) is defined as follows (ηrn – the metric of space R
s,t):
Θ
(y)
(x) ≡ Θ(1)(x, y) = xr ynΘnr , Θnr = ηnr −
krk
n
k2
. (5.4)
The generating function (5.2) satisfies the differential equation
∂
∂xr
∂
∂yr
Θ(j)(x, y) =
j(j +D − 4)(2j +D − 3)
(2j +D − 5) Θ
(j−1)(x, y) . (5.5)
Proof. We recall (see (3.45), (3.49)) that the matrix Θnr which is defined in (5.4) is a
projection operator onto the subspace orthogonal to the D-dimensional vector with the
components kr:
kr Θnr = 0 = Θ
n
r kn , Θ
r
r = ηrnΘ
rn = D − 1 , Θnr Θrm = Θnm . (5.6)
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Taking into account this fact, the most general covariant operator Θ
n1...nj
r1...rj (k), satisfying
properties 2) and 3) from Proposition 7, is written as follows:
Θn1...njr1...rj (k) =
1
(j!)2
∑
σ,µ∈Sj
Θ
nσ(1)
ℓ1
...Θ
nσ(j)
ℓj
Bℓ1...ℓjm1...mj (k) Θ
m1
rµ(1)
...Θmjrµ(j) , (5.7)
where σ, µ ∈ Sj are permutations of the indices {1, 2, . . . , j}, and the components Bℓ1...ℓjm1...mj (k)
are any covariant combinations of the metric ηrm and coordinates kr of the D-vector of
momentum. Since the matrices Θmr used in the right-hand side of (5.7) are transverse to the
D-momentum k (see (5.6)), the external indices of the tensor B
ℓ1...ℓj
m1...mj (k) can be associated
only with the indices of the metric η and, therefore, this tensor is represented in the form
B
ℓ1...ℓj
m1...mj (k) = a
(j)
0 (k) η
ℓ1
m1 · · · η
ℓj
mj + a
(j)
1 (k) η
ℓ1ℓ2ηm1m2η
ℓ3
m3 · · · η
ℓj
mj+
+a
(j)
2 (k) η
ℓ1ℓ2ηm1m2η
ℓ3ℓ4ηm3m4η
ℓ5
m5 · · · η
ℓj
mj + . . . ,
(5.8)
where the functions a
(j)
A (k) depend on the invariants (k)
2 = krkr. Substitution (5.8) into
(5.7) gives
Θr1r2...rjn1n2...nj =
1
(j!)2
[ j
2
]∑
A=0
∑
σ,µ∈Sj
a
(j)
A
( A∏
ℓ=1
Θnµ(2ℓ−1)nµ(2ℓ)Θ
rσ(2ℓ−1)rσ(2ℓ)
j∏
i=2A+1
Θ
rσ(i)
nµ(i)
)
. (5.9)
Finally, using expression (5.9) in (5.1), we obtain formula (5.2) for the generating function
of the projection operator. The coefficients a
(j)
A in (5.2), as we will see below, do not depend
on (k)2 and their explicit form is fixed by properties 1) and 4) from Proposition 7.
Property 4) (traceless) in Proposition 7 for the tensor Θ is equivalent to the harmonic
equation for the generating function (5.2):
(∂)2Θ(j)(x, y) = 0 , (5.10)
where (∂)2 = ∂xr∂xr and ∂xr = ∂/∂x
r . Let us substitute expression (5.2) into the equation
(5.10) to find the conditions which fix the coefficients a
(j)
A . It is convenient to rewrite the
series (5.2) in the form
Θ(j)(x, y) =
[ j
2
]∑
A=0
a˜A (Θ
(x)
(x))
A(Θ
(y)
(x))
j−2A , a˜A ≡
(
Θ
(y)
(y)
)A
a
(j)
A . (5.11)
As a result of the substitution (5.2) into equation (5.10), we have
(∂)2Θ(j)(x, y) =
∑
A
a˜A(∂)
2
(
(Θ
(x)
(x))
A(Θ
(y)
(x))
j−2A
)
=
=
∑
A
a˜A
(
2A
(
2j +D − 3− 2A) (Θ(x)(x))A−1 · (Θ(y)(x))j−2A +
+ (j − 2A)(j − 2A− 1)Θ(y)(y) (Θ(x)(x))A(Θ(y)(x))j−2A−2
)
,
(5.12)
where in the second equality we used the relations
(∂)2 (Θ
(x)
(x))
A = 2A(2A+D − 3) (Θ(x)(x))A−1 , (5.13)
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2[∂xr (Θ
(x)
(x))
A][∂xr(Θ
(y)
(x))
j−2A] = 4A (j − 2A) (Θ(x)(x))A−1 · (Θ(y)(x))j−2A , (5.14)
(∂)2 (Θ
(y)
(x))
j−2A = (j − 2A)(j − 2A− 1)Θ(y)(y) (Θ(y)(x))j−2A−2 . (5.15)
Thus, to fulfill the identity (5.10), according to (5.12), it is necessary to require the
recurrence relation for the coefficients a˜A:
a˜A+1 = −1
2
(j − 2A)(j − 2A− 1)
(A+ 1)(2j − 2A+D − 5) Θ
(y)
(y) a˜A , (5.16)
which in turn gives the relations for the coefficients a
(j)
A :
a
(j)
A = −
1
2
(j − 2A+ 2)(j − 2A+ 1)
A (2j − 2A+D − 3) a
(j)
A−1 . (5.17)
The solution of equation (5.17) has the form
a
(j)
A =
(
−1
2
)A j! a(j)0
(j − 2A)!A! [(2j +D − 5)(2j +D − 7) · · · (2j +D − 3− 2A)] , (5.18)
i.e., the condition (5.10) determines the coefficients a
(j)
A up to a single arbitrary factor a
(j)
0 .
Note that, firstly, the product of factors in square brackets in the denominator (5.18) must
be considered equal to unity for A = 0 and, secondly, when substituting the coefficients
(5.18) into the sum (5.2), it is clear that this sum is automatically terminated for A > j/2
since in this case an infinite factor (j − 2A)! =∞ appears in the denominator.
Let us now verify condition 1) from Proposition 7. First of all, the property Θ(x, y) =
Θ(y, x) for the function (5.2) and reality condition Θ∗ = Θ are equivalent to Θ† = Θ for the
matrices (5.9). The projector condition Θ2 = Θ (see property 1 in Proposition 7) for the
matrix (5.9) can be checked directly:
(Θ2)
r1r2...rj
n1n2...nj = Θ
r1r2...rj
m1m2...mj
1
(j!)2
[ j
2
]∑
A=0
∑
σ,µ∈Sj
a
(j)
A
( A∏
ℓ=1
Θmσ(2ℓ−1)mσ(2ℓ)Θnµ(2ℓ−1)nµ(2ℓ)
j∏
i=2A+1
Θ
mσ(i)
nµ(i)
)
=
= Θ
r1r2...rj
m1m2...mj
1
j!
∑
µ∈Sj
a
(j)
0
(
Θm1nµ(1) · · ·Θ
mj
nµ(j)
)
= a
(j)
0 Θ
r1r2...rj
n1n2...nj ,
where in the second and third equalities we used the identities
Θr1r2...rjm1m2...mjΘ
mimℓ = 0 , Θ
r1r2...rj
m1...m′i...mj
Θ
m′i
mi = Θ
r1r2...rj
m1...m′i...mj
η
m′i
mi = Θ
r1r2...rj
m1m2...mj
,
that follow from conditions 3) and 4) of Proposition 7. Thus, to fulfill the projector condition,
we must fix the initial coefficient in the expansion (5.2) as a
(j)
0 = 1. With this value formula
(5.18) turns into formula (5.3).
Finally, we prove the identity (5.5). For this we calculate
∂xr∂yr Θ
(j)(x, y) =
[ j
2
]∑
A=0
a
(j)
A ∂xr∂yr
(
(Θ
(x)
(x)Θ
(y)
(y))
A(Θ
(y)
(x))
j−2A
)
=
=
[ j
2
]∑
A=0
(
a
(j)
A+14(A+ 1)
2 + a
(j)
A (j − 2A)(D − 2 + j + 2A)
)
(Θ
(x)
(x)Θ
(y)
(y))
A(Θ
(y)
(x))
j−2A−1 ,
(5.19)
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where we used the equalities
[∂xr∂yr(Θ
(x)
(x)Θ
(y)
(y))
A] = 4A2Θ
(y)
(x) (Θ
(x)
(x)Θ
(y)
(y))
A−1 ,
[∂xr (Θ
(x)
(x)Θ
(y)
(y))
A][∂yr(Θ
(y)
(x))
j−2A] = 2(j − 2A)A (Θ(x)(x)Θ(y)(y))A (Θ(y)(x))j−2A−1 =
= [∂yr (Θ
(x)
(x)Θ
(y)
(y))
A][∂xr(Θ
(y)
(x))
j−2A] ,
[∂xr∂yr (Θ
(y)
(x))
j−2A] = (j − 2A)(D + j − 2A− 2) (Θ(y)(x))j−2A−1 .
Taking into account the explicit formula for the coefficients (5.3), we obtain the relation
a
(j)
A+14(A+ 1)
2 + a
(j)
A (j − 2A)(D + j + 2A− 2) =
j(j +D − 4)(2j +D − 3)
2j +D − 5 a
(j−1)
A ,
substituting this into (5.19), we immediately derive the identity (5.5).
Remark 1. Identity (5.5) for the generating functions (5.1) gives the equality that connects
the projection operators (5.9) for the spins j and (j − 1):
ηr1n1 (Θ
(j))n1n2...njr1r2...rj = (Θ
(j))r1n2...njr1r2...rj =
(j +D − 4)(2j +D − 3)
j(2j +D − 5) (Θ
(j−1))n2...njr2...rj . (5.20)
In other words the trace of the matrix Θ(j) over the pair of indices is proportional to the
matrix Θ(j−1). Using formula (5.20), we can calculate the complete trace of the Behrends-
Fronsdal projector Θ(j) in the case of D-dimensional space-time (D ≥ 3):
(Θ(j))r1r2...rjr1r2...rj =
(D − 4 + j)!
j! (D − 3)! (2j +D − 3) . (5.21)
This trace is equal to the dimension of the subspace, which is cut out from the space of vector-
tensor wave functions fn1...nj(k) by the projector Θ
(j). In other words, the trace (5.21) is equal
to the number N of independent components of symmetric vector-tensor wave functions
f(n1...nj)(k) that satisfy the conditions
kn1f(n1...nj)(k) = 0 , η
n1n2f(n1n2...nj)(k) = 0 .
On the space of these functions an irreducible massive representation of the D-dimensional
rotation group is realized. For example, for D = 3 we have N = 2 (∀j), and for D = 4
formula (5.21) gives the well-known result N = (2j + 1), which coincides with the number
of polarizations of the massive particles with spin j (it coincides with the dimension of the
irreducible representation with spin j of a small subgroup SU(2) ⊂ SL(2,C)).
Remark 2. From relation (5.2) the useful identity [21] immediately follows:
Θ(j)(x, x) =
(
Θ(1)(x, x)
)j [ j2 ]∑
A=0
a
(j)
A = (k)
−2j
(
(k)2(x)2 − (knxn)2
)j [ j2 ]∑
A=0
a
(j)
A , (5.22)
where the coefficients a
(j)
A are defined in (5.5).
The sum of the coefficients a
(j)
A in the right-hand side of (5.22) can be calculated explicitly
by using relations (5.5) and (5.22). Indeed, we put xr = yr in (5.5), take into account (5.10)
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and apply the operator ∂xr∂xr to both sides of equality (5.22). After that, comparing the
results obtained in both sides of (5.22), we deduce the recurrence equation:
S
(j)
D =
(j +D − 4)
(2j +D − 5)S
(j−1)
D ,
where S
(j)
D =
∑[ j
2
]
A=0 a
(j)
A . Solving this equation with the initial condition S
(1)
D = a
(j)
0 = 1, we
find:
S
(j)
D =
(j +D − 4)!
(D − 3)! (2j +D − 5)(2j +D − 7) · · · (D − 1) , j > 1 . (5.23)
For D = 4 the expression for the sum (5.23) is simplified and we have S
(j)
4 =
j!
(2j−1)!! , where
j > 0.
Now we will construct the spin projection operator Θ(j)(k) in the case of half-integer spins
j. Recall that for spin j = 1/2 the operator Θ(1/2)(k) was explicitly calculated in (3.14). For
j = 3/2 we found formula (3.64) for the operator Θ(3/2)(k) in terms of bispinors (3.11) and
polarization vectors (3.40). To obtain the general formula for any half-integer spin j (in the
case of 4-dimensional space-time), one can use the definition of the spin projection operator(
(Θ(j))
n1...nj−1/2
r1...rj−1/2
) B
A
as the sum over polarizations:
(
(Θ(j))
n1...nj−1/2
r1...rj−1/2
) B
A
=
(−1)j−1/2
2
j∑
m=−j
(e(m)r1···rj−1/2)A(e(m)
n1···nj−1/2)B . (5.24)
Here ri and ni are the vector indices while A and B are the indices of the Dirac spinors. The
polarization spin-tensors (e(m)r1···rj−1/2)A of arbitrary half-integer spin j are expressed in terms
of polarizations of the integer spin and bispinors (3.11) as follows:
(e
(m)
r1···rj−1/2)A =
√
(j+m)
2j
e
(m−1/2)
r1···rj−1/2e
(+)
A +
√
(j−m)
2j
e
(m+1/2)
r1···rj−1/2e
(−)
A ,
m = −j, . . . , j .
(5.25)
Formula (5.25) is a generalization of (3.61) and is obtained from equations (4.11) and (4.12).
After substitution of (5.25) into (5.24) one can calculate the sum over polarizations m in
(5.24) and deduce explicit formula for the operator Θ(j). For a special case j = 1/2 it was
done in (3.14). However, it is rather a long way to obtain an explicit expression for the
operator Θ(j). Here we will use another method which is based on the ideas of the paper
[21]. Moreover, this method gives us a possibility to find the spin projection operator Θ(j)
(for half-integer spins j) for the general case of arbitrary space-time dimension D.
Proposition 9 For arbitrary space-time dimension D > 2 and any half-integer spin j the
projection operator Θ(j) satisfying conditions 1)—4) of Proposition 7 and additional spinorial
conditions
(Θ(j))
n1...nj−1/2
r1...rj−1/2 · γn1 = 0 = γr1 · (Θ(j))n1...nj−1/2r1...rj−1/2 , (5.26)
has the form
((Θ(j))
n1...nj−1/2
r1...rj−1/2 )
B
A = c
(j) (Θ(1/2)) GA (γ
r) CG (γn)
B
C (Θ
(j+ 1
2
))
nn1...nj−1/2
r r1...rj−1/2 , (5.27)
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where (Θ(1/2)) GA =
1
2m
(kn γn +mI4)
G
A — spin projection operator (3.14) for spin j = 1/2,
Θ(j+
1
2
) – projection operator (5.9) for integer spin (j + 1
2
) and the factor c(j) is defined as
c(j) =
(j + 1/2)
(2j +D − 2) . (5.28)
Proof. First of all we note that conditions 2)—4) of Proposition 7 are trivially fulfilled for
the operator (5.27) since these conditions are valid for the integer spin projection operator
Θ(j+
1
2
) by construction. Conditions (5.26) are valid for the operator (5.27) in view of the
properties 2),4) of Proposition 7 and the identity γnγk + γkγn = 2ηnk for gamma-matrices,
so that we have the first equality in (5.26)
γn (Θ
(j+ 1
2
))
nn1...nj−1/2
r r1...rj−1/2 γn1 = (Θ
(j+ 1
2
))
nn1...nj−1/2
r r1...rj−1/2 ηnn1 = 0 .
The second equality in (5.26) can be proved analogously. So the rest of what we have to
prove is the projection property
((Θ(j))
n1...nj−1/2
r1...rj−1/2 )
B
A ((Θ
(j))
p1...pj−1/2
n1...nj−1/2)
C
B = ((Θ
(j))
p1...pj−1/2
r1...rj−1/2 )
C
A (5.29)
As we will see below this property fixes the constant c(j) explicitly. First we substitute into
the left hand side of (5.29) the representation (5.27) and use the explicit form (5.9) of the
operator Θ(j+
1
2
). As a result, we obtain
c(j)(Θ(1/2)) γrγn(Θ
(j+ 1
2
))
nn1...nj−1/2
r r1...rj−1/2 · (Θ(j))p1...pj−1/2n1...nj−1/2 = c(j)(Θ(1/2)) γrγn ·
· 1
((j+ 1
2
)!)2
∑
P (n),P (r)
(
ΘnrΘ
n1
r1
· · ·Θnj−1/2nj−1/2 + a(j)1 Θrr1Θnn1
j−1/2∏
i=2
Θniri + ...
) · (Θ(j))p1...pj−1/2n1...nj−1/2 =
= c(j)(Θ(1/2)) γrγn
1
((j+ 1
2
)!)2
∑
P (n),P (r)
(
ΘnrΘ
n1
r1
· · ·Θnj−1/2rj−1/2 ) · (Θ(j))p1...pj−1/2n1...nj−1/2 ,
(5.30)
where the sum is taken over all permutations P (n) and P (r) of indices (n, n1, ..., nj−1/2) and
(r, r1, ..., rj−1/2), and in the last equality we have used the conditions
γn Θ
nn1 · (Θ(j))p1...pj−1/2n1...nj−1/2 = 0 , Θnknℓ · (Θ(j))
p1...pj−1/2
n1...nj−1/2 = 0 .
Finally the right hand side of (5.30) can be transformed as follows:
c(j) (Θ(1/2)) γrγn
1
((j+ 1
2
)!)2
( ∑
P (n),P (r)
(
ηnr − k
nkr
m2
)ηn1r1 . . . η
nj−1/2
rj−1/2
)
· (Θ(j))p1...pj−1/2n1...nj−1/2 =
= c(j) (Θ(1/2)) ·
(
D
(j+1/2)
+ 2(1− 1
(j+1/2)
)− kˆ2
m2
1
(j+1/2)
)
· (Θ(j))p1...pj−1/2r1...rj−1/2 =
= c(j)
(2j +D − 2)
(j + 1/2)
(Θ(j))
p1...pj−1/2
r1...rj−1/2 ,
(5.31)
where we have used expression (3.49) for Θnr and the identity (Θ
( 1
2
)) · (Θ(j+ 12 )) = (Θ(j+ 12 )).
We have also taken into account that in view of the sums over all permutations of indices
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(n, n1, ..., nj−1/2) and (r, r1, ..., rj−1/2) we have
γrγn
∑
P (n),P (r)
(
ηnr η
n1
r1
. . . ηnj−1/2
rj−1/2
)
= (j + 1/2)D
∑
P (n),P (r)
(
ηn1r1 . . . η
nj−1/2
rj−1/2
)
+
+(j + 1/2)(j − 1/2) ∑
P (n),P (r)
(
γn1γr1 . . . η
nj−1/2
rj−1/2
)
= (j + 1/2)D
∑
P (n),P (r)
(
ηn1r1 . . . η
nj−1/2
rj−1/2
)
+
+(j + 1/2)(j − 1/2) ∑
P (n),P (r)
(
2ηn1r1 . . . η
nj−1/2
rj−1/2
+ γr1γ
n1 . . . ηnj−1/2
rj−1/2
)
,
(5.32)
where in the second equality we changed the order of gamma-matrices. Finally, from the
right-hand side of (5.31), we see that the operator (Θ(j+
1
2
)) is a projector only if the constant
c(j) is given by formula (5.28).
Remark 3. For the special case D = 4 formula (5.27) for the projection spin operator was
obtained in [21] (see also e.g. [22]). One can check that for spin j = 1/2 relation (5.27) is a
trivial identity, while spin j = 3/2 it takes the form
Θ
( 3
2
)
n2r2 =
2
(D + 1)
Θ(1/2) · γr1 γn1 Θ(2)n1n2r1r2 . (5.33)
For the case D = 4 this expression can be verified by direct calculation of the sum over
polarizations. It can be done by using formulas (3.14), (3.44), (3.64) and the representation
(3.76) for the density matrix of massive particles with spin j = 2 which also follows from
general formulas (4.22) and (4.23). For j = 2 formula (5.9) gives:
Θ(2)n1n2r1r2 =
1
2
(Θ(1)n1r1Θ
(1)
n2r2 +Θ
(1)
n1r2Θ
(1)
r1n2)−
1
3
Θ(1)n1n2Θ
(1)
r1r2 . (5.34)
By using this formula and the explicit form (3.49) of the operator Θ
(1)
nr , as well as the
projection property (Θ(1/2)) · (γr kr) = m (Θ(1/2)), we obtain for (5.33):
Θ
( 3
2
)
n2r2 =
1
3
Θ(1/2)
(
ηn2r2 + γn2γr2 +
1
m
(γn2 kr2 − γr2 kn2)− 2
kn2kr2
m
2
)
. (5.35)
6 Conclusion
In this paper, on the basis of unitary representations of the covering group ISL(2,C) of the
Poincare´ group, we have constructed explicit solutions of the wave equations for free massive
particles of arbitrary spin j (the Dirac-Pauli-Fierz equations). Then we proposed the method
for decomposing of these solutions into a sum over independent components corresponding to
different polarizations. The sum over the polarizations for the density matrix of particles with
arbitrary integer spin is calculated explicitly. This density matrix (spin projection operator)
coincides with the Behrends-Fronsdal projection operator for space-time dimension D = 4.
The generalization of the Behrends-Fronsdal projection operator for any number of space-
time dimensions D > 2 was found. We also found the generalization of the explicit formula
for the density matrix (spin projection operator) of particles with half-integer spins. The
most interesting examples corresponding to spins j = 1/2, 1, 3/2 and j = 2 were discussed
in detail.
We have to stress that the massless case can also be considered in a similar manner.
Certain steps in this direction were made in [23]. Just as in the massive case, the spin-
tensor wave functions of free massless particles with arbitrary helicity are constructed from
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the vectors of spaces of the unitary massless Wigner representations for the covering group
ISL(2,C) of the Poincare group.
Moreover, formula (2.27) is carried over to the massless case practically unchanged
(we need to remove the normalizing factor m−r and choose the test momentum as q =
(E, 0, 0, E)). The corresponding spin-tensor wave functions satisfy the Penrose equations
(these equations for fields of massless particles were formulated by Penrose in the coordinate
representation; see [24] and [25]) instead of the Dirac-Pauli-Fierz equations. It is remarkable
that instead of the two-spinor approach, which is suitable for the massive case and used in
this paper, we arrive in the massless case at the twistor formalism [24].
We hope that the two-spinor formalism considered in this paper for describing massive
particles of arbitrary spin will be useful in the construction of scattering amplitudes of
massive particles in a similar way to the construction of spinor-helicity scattering amplitudes
for massless particles [26], [27], [28] (see also [29] and references therein). Some steps in this
direction have already been done in papers [30],[31],[32] where the analogous two-spinor
formalism and its special generalization were used.
The authors are grateful to V.A. Rubakov and S.A. Fedoruk for numerous useful discussions.
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